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Background

The code and notes below are for the kinds of linear algebra that come up in probability, statistics, and
statistical learning. The document was created in RMarkdown with the Python code running via the
reticulate library plus a little ETEX.

Conventions

A common convention is to write matrices as capital Latin or Greek letters, e.g., M, X, then leave vectors and
matrix elements in lowercase, e.g., m,o. Often the letters will match, for instance if the vectors were named
aq,a,, ... then the matrix of those vectors would be A. There’s less consistency when it comes to boldface
conventions or whether to decorate vectors with arrows. Some authors clarify scalar vs. vector vs. matrix
through a combination of case and font style: regular lowercase for scalars, bold lowercase for vectors, bold
uppercase for matrices, e.g., scalar a, vector a, and matrix A.

The convention for matrix dimensions is to give them in row, column order: a matrix M € R™*"™ has m
rows and n columns. It’s common for A;; to refer to the element in the ith row and jth column of A; some
sources will separate the row and column with a comma, e.g., 4; ;. Authors may use A, . to refer to the
elements in row ¢ and A, ; to refer to the elements in column j. Often A, will refer to either row vector i or

J
column vector ¢ (based on context).

Sources typically use either brackets or parentheses around a matrix, so we usually see something along the
following lines.

arp Q1o = Q1p
a/ a ces a

A e Rmxn = | 721 22 2,m (m rows by n columns)
Un1 OAm2 0 Gymp

Shape and Structure

A matrix with the same number of rows as columns (m = n) is square. Having more rows than columns
(m > n) makes the matrix tall while having fewer rows than columns (m < n) makes the matrix wide.

A square matrix where the only non-zero elements are on the diagonal (i.e., where i = j) is a diagonal matriz.

a, 1 0 vee 0
(.) a%,g . O (a diagonal matrix A)
0 0 = ayn



The matrix is tridiagonal if there are non-zero elements only on the main diagonal and the diagonals imme-
diate above and below. Many sources use the term banded to refer to these kinds of sparse matrices where
the non-zero elements are confined between some lower band and upper band.

If only the elements on and above the diagonal are non-zero, then we have an upper triangular matrix,
sometimes written as U (e.g., the U in LU decomposition). Similarly, when the only non-zero elements are
on or below the diagonal we have a lower triangular matrix, sometimes written as L.

German-language sources refer to the main diagonal as the die Hauptdiagonale and a triangular matrix as a
Dreiecksmatriz (where untere is for lower and obere is for upper).

Addition and Multiplication

Matrix addition reuses the same notation as scalar addition and vector addition: C' = A+ B means element-
wise addition.

a1 +biy  aotbis o oap,+b,
A+ B— | %1 JF byq G JF bio ag p + bon
A, 1 + bm,l A 2 + bm,2 Ay + bm,n

Matrix multiplication reuses the same notation as scalar multiplication: AB means A times B. Say we have
A € R**3 and B € R3*2:

a a a bii big
A= |%a 1,2 L3 B= by, by,
a a a ’ ’
2,1 Q22 Qd23 b b
3,1 03,2

Then AB gets shape (2 x 3)(3 x 2) = (2 x 2), like this:

AB — [al,lbl,l +ayoby 1 +ay by Ay 10y o+ aq 9y o + aq 3bs 5
A9 1b1 1+ Ag9by 1 +ag3b3 1 ag1b1 5+ ag 905 5 + a5 305 5

Matrix multiplication is not commutative.

I

Naming the identity matrix I is almost universal. I € R™*™ has ones along the diagonal, zeroes elsewhere.

10 0
I= 0 1 O (identity matrix I)
0 0 1

Sometimes a subscript may be used to indicate the size, e.g., I, for the 2 x 2 identity matrix.

With NumPy, np.eye() gets you an identity matrix, just like eye() in MATLAB or Octave, whereas in R
you would use diag().

Mfl

It’s common to use ! to indicate a matrix inverse with the use calling to mind reciprocals in real numbers.
The inverse of a square matrix M € R™ " is written as M~! and is defined by the property that MM~ =
M~'M = I. Not all square matrices are invertible, but if they are, then the inverse is unique.



In NumPy this is done with np.linalg.inv, in MATLAB or Octave with inv().
Square matrices A and B are said to be similar if there exists another matrix S such that B = S~1AS.

Rectangular or square matrices A and B are said to be equivalent if there exist matrices U and V such that
B=U1AV.

MP

Powers of a matrix are written using superscripts, e.g., M3 = MMM. This implies the matrix is square,
otherwise the dimensions would not line up.

Machine learning sources often use superscripts to indicate the layer number, in which case parentheses or
brackets will also appear; for example the weight matrix for layer 2 might be written as W2 or W2,

MT

Most sources use either 7 or / (single quote) to indicate transpose. The transpose operation 7 switches rows
with columns, so if M € R™ ™ then MT € R™™. A second transpose puts M back, i.e., (MT)T = M.
For matrix products, (AB)T = BT AT (ABC)T = CTBT AT and so forth for products of more than three
matrices. Transpose applies to vectors as well, so if = is a column vector then z” is a row vector and vice

versa.

In NumPy, .T returns a view of the array with the axes transposed. In R, t() returns the transpose. In
Octave or MATLAB a single quote is used to transpose, e.g., M' is M7T.

If MT = M, as can be the case with a square matrix, the matrix is said to be symmetric.

If M € R™™ is such that M7 M = I then the matrix is said to be orthogonal. A common convention is to
write orthogonal matrices as . Thus, if QTQ = I, then we also have Q7 = Q~!. The column vectors of an
orthogonal matrix form an orthonormal set, meaning that for any column vectors ¢; and g;:

i = 0ifi#j
¢ lifi=j
Likewise, the row vectors of an orthogonal matrix form an orthonormal set.

For M € R™*" we're guaranteed that M7T M is positive semi-definite, i.e., z7 Mz > 0, Vo € R™.

Al

Vector norm notation || - | gets reused for matrix norms so that |A| is an unnamed norm of matrix A. The
notation calls to mind the use of absolute value pipes, e.g., |z| for absolute value of z, the distance from
Zero.

Two common matrix norms are the elementwise Frobenius norm and the operator (induced) p-norm.

The Frobenius norm, written |A|y, is elementwise: square each entry, sum, then take the square root. For

real-valued matrix A:
n

Alp =[Sz, Ackm

i=1 j=1

The matrix p-norm [|A], is induced by the vector p-norm: it equals the largest p-norm A can produce when
applied to a vector. The definition is given using sup() to indicate supremum (least upper bound) instead
of max() so as to be usable in infinite-dimensional settings.

Ax
IA[l, = sup | ”p7
z#0 [zl

AeR™™ zeR", 1<p<



We have || - |, being used to define | - |,,, which looks circular, but the |Az[,, and |z[, on the right hand side
are indicating vector norms while the |A], on the left is indicating the matrix norm. The division by [z],
normalizes x to unit length so the supremum is taken over unit vectors.

In the special case of p = 2, the p-norm is the largest singular value, or the positive square root of the largest
eigenvalue.

Both norms can be defined for complex-valued matrices, too. For instance, |A|r = \/221 Z;l:l la; ;1% Ae

C™*™ where \ai’j|2 is the product of that entry with its complex conjugate, i.e., the square of the distance

of a; from zero.

det(M)

The determinant of matrix M is variously indicated as det M, det(M) or | M|, but |M| could also be indicating
the absolute value of each entry of M. |M;;| on the other hand is less ambiguous and is likely indicating the
element-wise absolute values.

R, Octave, MATLARB all have det() for finding the determinant. With NumPy it’s np.linalg.det().

txs Ry, and Cx

Just as lowercase Greek Mu (u) is often used to evoke the “m” in “mean”, uy is often chosen to name the

column vector having expected values of an m x n matrix X of random vectors X; ... X,:

BX,]
e

B[X,)

The correlation of X—-called the autocorrelation matrix, the correlation matrix, or the second moment
matrix—is the symmetric matrix where each i, j element is the expected value of X, X.

E[X,X)] E[X,X,] - E[X,X,]
BIX,X,] E[X,X)] - E[X,X,]

Here the choice of capital R can bring to mind the use of r or p (lowercase Greek Rho) for the Pearson
correlation coefficient.

From pyx and Ry we construct the covariance matrix C'y (sometimes named Ky).

Cx = E[(X — pux)(X — MX)T] =Ry — MXMI;(

The choice of “C” or “K” can remind us of the hard C sound in “Covariance matrix” (in German, the literal
K of Kovarianzmatriz). The matrix looks like this:

Cov[X;X,] Cov[X;X,] - Cov[X;X,)] Var[X;] Cov[X;X,] - Cov[X;X,]
Co Cov[X,X;] Cov[X,X,] -+ Cov[X,X,]| |Cov[Xy,X;] Var[X,] - Cov[X,X,]
X = : : : - : : :

Cov[X,X,] Cov[X,X,] - Cov[X,X,] Cov[X,, X;] Cov[X,X,] - Var[X,]

The covariance matrix is symmetric and positive semi-definite.

From using Ry for autocorrelation it’s a natural extension to use Ryy for the cross-correlation between X
and Y and Cyy for the cross-covariance between X and Y.



Hy

The Hessian matriz H; (or sometimes just H) is the square matrix of the second partial derivatives of
function f. If we’re using subscript notation so that for example f, is the partial derivative of f with respect
to xz and f,, is the partial derivative of f, with respect to = (the second partial derivative), then the Hessian
looks like this:

f;clzcl lezz f;clacn

Hf — ff”25”1 f:v2:v2 f:vQ:vn

facnacl fﬂcan fac z

nvn

(n x n Hessian matrix)

Hessians are normally symmetric since—if they exist—we expect f,, = f,, for the kinds of functions we
come across in probability, statistics, and statistical learning.

Hessians are named for the German mathematician Otto Hesse. In German-language sources they are also
called die Hesse or, more formally, die Hesse-Matriz (plural Hesse-Matrizen).

Jy

The Jacobian matriz J; (or sometimes just J) is the matrix of the first order partial derivatives of function
f- It need not be square: f may be from R™ to R™, yielding an m x n matrix. It’s tidier if we use “D
notation” here so that for example 8961 f1 is the partial derivative of f; with respect to z;, in which case our
Jacobian looks like this:

811 fl awzfl 81:" fl
azlf2 8m2f2 al‘nf2

8z1fm 812fm 8xnfm

Jp= (m x n Jacobian matrix)

A small concrete example: let’s say we’re changing variables to swap between rectangular and polar coordi-
nates (f : R?> — R?), so we’ll have a square Jacobian that we build by finding the partials for = r cos § and
y = rsinf.

J— | T _ cosf —rsinf
"y, yg| |sin@ rcosf

Now we can quickly find the scaling factor for integrating over a region when swapping from rectangular
to polar by taking the absolute value of the determinant, just like we would use the absolute value of the
determinant to find the scaling factor of any linear map A € R?*2. We expect a factor of r to get us from
I, f(@,y)dA to [[, f(rcosf,rsind)rdrdd, and that’s exactly what we see:

det(J) = rcos? 0 + rsin” 0 determinant of a 2 x 2 is ad — bc
= r(cos? 0 + sin” 0) factor out the 7
=r(1) cos? 0 +sin” 0 = 1
=r

Radius r is always nonnegative, so no need to use |r| in this case, but in general we would need to remember
to use absolute value to scale the areas.

German-language sources refer to this matrix as die Jacobi-Matriz, Jacobians being named for the German
mathematician Carl Gustav Jacob Jacobi, and often use the same .J; symbol.



Quadratic Form

A polynomial having all terms of degree two is in quadratic form. To illustrate: 2z? — 3x,25 + 523 is in
quadratic form because every term is of degree two. These can be expressed with column vector x € R™ and

a symmetric matrix A € R™*"™ as:
2T Ax
T 2 =3
For example, 2x% — 3z, 2, + 53 just needs vector z = xl and matrix A= | "3 52 :
2 T2
2 =3[
TA — 2 1
a2
3 3
=x1(22) — 5552) + xQ(—§x1 + 51,)
3
=222 — 5%1%2 — 5T1T; + 53

1 0] then 2T Az =

If A is a diagonal matrix then we get no cross-product terms. For instance, if A = [O 1

2 2
r{ + 5.

Left Inverses and Pseudoinverses

Only square matrices have inverses, but if we have full column rank (as we would with a typical tall matrix
having many rows for a few columns) then we can get a left inverse.

Say we have a tall matrix A € R™*", m > n. Then AT A is an invertible n x n symmetric matrix, so we get
(ATA) AT A = I, and thus a left inverse:

A;e;t = (ATA)AT

This is often called a pseudoinverse of the matrix or the Moore-Penrose inverse. We can check that it works
in NumPy using np.allclose().

import numpy as np
from scipy.linalg import 1lu
import matplotlib.pyplot as plt

def check(statement_true, lhs, rhs):
"""print TeX with = or != depending on whether statement is true"""
relation = "=" if statement_true else r'"\ne"
print(rf"\[ {lhs} {relation} {rhs} \]")

#
# Pseudo-inverse for a non-square matrix
#

rng = np.random.default_rng(2026)

# Create tall matrix "T" of 40 rows and 4 columns: (40, 4), will have full column rank
T = rng.integers(-10, 11, size=(40, 4))



# T.T (4, 40) @ T (40, 4) has shape (4, 4), just as with matrix multiplication
# This matrix will be symmetric
TtT =T.T@ T

# (T.T @ T)N{-1} still has shape (4, 4)
TtT_inv = np.linalg.inv(TtT)

# L (4, 4) @ T.T (4, 40) has shape (4, 40)

# T has full column rank, so (T.T @ T)N{-1} @ T.T is the left inverse of T
# and equals the Moore-Penrose pseudoinverse

L =TtT inv @ T.T

# I (4, 40) @ T (40, 4) has shape (4, 4)

# Check that L really acts as a left inverse on T.
I=L@T

check(np.allclose(np.eye(I.shape[0]), I), "LT", "I")

LT=1
This can also work if we have full row rank, for example with some wide matrix, in which case we could
construct a right inverse so that AA;ilght =1

NumPy has a built-in pseudoinverse function np.linalg.pinv. Let’s see if NumPy yields the same pseudoin-
verse for our tall matrix.

# Check: is the NumPy built-in pseudo-inverse close to the manual left inverse?
check(np.allclose(np.linalg.pinv(T), L), "L {mMP}", "L {pinv}")

LMP:L

pinv

They tie.

Some sources use T (superscript dagger) to indicate a pseudoinverse, e.g., M is the pseudoinverse of M.

Decompositions

LU Decomposition

The factorization of a square matrix A € R™*" into lower triangular matrix L and upper triangular matrix
U is called LU Decomposition. This is the one we get by doing row reduction. If we needed to swap any
rows during row reduction, then the factorization requires a permutation matrix P, and we have:

A=PLU

For linear algebra tasks, programming languages typically call LAPACK behind the scenes. Although NumPy
uses LAPACK, and LAPACK certainly has LU Decomposition, NumPy does not have a function for LU
Decomposition. However, SciPy (which also uses LAPACK) does include a function for LU decomposition.
In R we could use the Matrix library for an LU Decomposition.

Here’s an example using R. The factorization is just a one-liner, but it’s extra work to print the results in a
nicely-formatted matrix with fractions instead of decimals.



library(MASS)
library(Matrix)

# create a 3x3 matrix

A<-matrix(c(1, 2, 3, 5, 5, 5, 0, 0, -7), ncol=3)
m<-nrow(A)

n<-ncol(A)

# perform LU decomposition
A.lu<-expand(lu(A))

# fractions from the MASS library formats as fractions so we see 1/3, 2/3, etc.
P<-fractions(matrix(as.numeric(A.lu$P), ncol=n))

L<-fractions(matrix(A.lu$L, ncol=n))

U<-fractions(matrix(A.lu$U, ncol=n))

# helper function to build LaTeX matrix rows
mat_to_latex<-function(M) {
M_str<-apply(M, 1, function(x) {
paste(
paste(x, collapse = "&"),
"N\
)
1)

return(M_str)

# print our A = PLU; collect the LaTeX code into a block, otherwise between
# writeLines and RMarkdown the codes can be escaped inconsistently.
begin<-"\\begin{bmatrix}"
end<-"\\end{bmatrix}"
block<-c("$$",

begin, mat_to_latex(A), end,

no—n
- r

begin, mat_to_Tlatex(P), end,
begin, mat_to_latex(as.character(L)), end,
begin, mat_to_latex(as.character(U)), end,
"$$")

writeLines(block)

15 0 0101 0 03 5 -7
2 5 0|=10 o0 1||1/3 1 0|0 10/3 7/3
3 5 —7 10 0] (23 1/2 1Jlo 0 7/2

Now let’s see if PLU really gets us back to A. In R the matrix multiplication operator is %*%.

A_recov<-P %*% L %*% U

block<-c("$$", "A _{recov} =", begin, mat_to_latex(A_recov), end, "$$")
writeLines(block)
1 5 0
ATECO’U 2 5 0
3 5 7



It works.

Let’s also try it in Python with SciPy. Now our matrix multiplication operator is @ We will check that
PLU really gets us back to A using np.allclose.

A = np.array([[1, 2, 3],
[5, 5, 5],
[e, o, -711)

# perform LU decomposition
P, L, U= lu(A)

# Check: does P @ L @ U get us back to A?
check(np.allclose(A, P @ L @ U), "A", "PLU")

A=PLU

We recovered A from PLU just fine.

QR Decomposition

The factorization of matrix A € R™*™ into orthogonal matrix ) and upper triangular matrix R is called QR
Decomposition.

A direct way to build QR from A is with what’s called the Gram-Schmidt process. We start with the first
vector as-is, then for the second vector we subtract off the projection of the first vector onto the second
vector, then for the third vector we subtract off the projections of the first and second vectors onto that
vector, and so forth. We also normalize the lengths of the vectors so our final result is not just orthogonal
but orthonormal.

When we use Gram-Schmidt to construct A = QR, we always get an upper-triangular R because of how—
starting with the second vector—we subtract from the prior vector the redundant components (the projections
of our new vector onto the prior vectors). Let’s say we start with matrix A having linearly independent
column vectors, then what we're creating looks like this (for simplicity square in this illustration, but it
doesn’t have to be):

o | o 7 [an an e e

a a a
A=lay ay ... a,|=QR=1|q a@ - 4, 1;Q2 2;q2 . n;Q2
o | o 1 arq, afq, . dTq,

When carrying out Gram-Schmidt we first chose ¢; to be a unit vector in the direction of a;, then when we
got to g, we took care to ensure it was perpendicular to a; by subtracting out the redundant portion (the
projection of our new candidate onto the prior). If it’s perpendicular, then af'q, must be zero by the property
of perpendicular vectors. And it’s not just afq,. For any ¢; having i > 1 we made sure when following the
procedure to chose a unit vector perpendicular to a;. It’s perpendicular turtles all the way down: we always
chose g,, to be perpendicular to all the previous a,,_,,a,,_s, ..., a; by subtracting out those projections when
executing Gram-Schmidt. Thus, when we fill in the R matrix we get zeroes for every element below the
diagonal, i.e., for R;; where i > j.

T T T T T T
a%q1 a%ql a%ql ai qq OL%q1 a%q1
ajGa 3Gy - GpQy| _ 0 ayqs .. Q,Qy
aiq, 03¢, - Qnq, 0 0 v AnQy,



German-language sources also name this process after Gram and Schmidt, so you’ll see it called Gram—
Schmidt- Verfahren or Gram-Schmidt-Orthonormalisierungsverfahren. The process is named for Jgrgen Gram
(who also lends his name to the Gram matrix) and Erhard Schmidt.

With Python + NumPy we can accomplish this using np. linalg.qr. The “classical” Gram-Schmidt algorithm
is not numerically stable, so np.1linalg.qr (and other interfaces to LAPACK) use other algorithms. It’s just
a one-liner.

#

H*

QR Decomposition

*®

Create a sample matrix
= np.array([[1, 2, 3],
[4, 5, 6],
[7, 8, 911)

>

# Perform QR decomposition

# Q 1is an orthonormal matrix

# R 1s an upper-triangular matrix
Q, R = np.linalg.qr(A)

# Check: does Q @ R get us back to A?
check(np.allclose(A, Q @ R), "A", "QR")

A=QR

With np.allclose we've confirmed that the elements of A and Q @ R each tie within a small tolerance. Let’s
also check whether the @ from np.1linalg.qr is really an orthogonal matrix (i.e., a matrix of orthonormal
vectors).

# Check: is Q really an orthogonal matrix?
check(np.allclose(Q.T @ Q, np.eye(Q.shape[0])), "QAT Q", "I")

QTQ =1

Everything ties.

Eigendecomposition

For A € R™*"™, provided we have n linearly independent eigenvectors, we can decompose into a diagonal
matrix A (capital Lambda) with eigenvalues along the diagonal and @ with eigenvectors as columns as:

A=QAQ!

We can do this in two steps with NumPy. First we call np.linalg.eig to get the eigenvalues and right
eigenvectors.

#
# Eigendecomposition
#

10



lmbda, v = np.linalg.eig(A)

# Check: 1is Av about the same as Av?
check(np.allclose(A @ v, lmbda * v), "Av'", "Av")

Av =)
Then we construct A using np.diag. We can check that A = QAQ ' using np.allclose.

Q= v
Q_inv = np.linalg.inv(Q)
Lambda = np.diag(lmbda)

# Check: does Q @ N @ Q"{-1} get us back to A?
check(np.allclose(A, Q @ Lambda @ Q_inv), "A", "Q \Lambda QA{-13}")

A=QAQ"

This kind of decomposition comes up with Markov chains. For instance, if we have a two-state Markov chain
with transition probabilities given by p,q,p — 1,q¢ — 1, we might build a transition matrix as follows:

P€R2X2:|:1_p p :|
q l—gq

The eigenvalues are A\; =1 and A, =1 — (p + ¢), and we can factor P as:

—_pr 4 P
P=57'DS= F qu} [Al 0] [piq piq]

The name D in S~1DS evokes “diagonal” while the S is for “similarity”.

In German we find der Figenvektor and der Figenwert, “eigen” being lifted straight from the German
adjective eigen, meaning own, pertinent, peculiar, or odd (the English word “own” goes back to Old English
agen). So you have early 20th century mathematicians writing of Eigenschaften (features), Eigenwerten
(eigenvalues), Figenfunktionen (eigenfunctions), and so forth with more “eigen” words coming into use later:
eigenvector, eigenmode, eigendecomposition, eigenface, etc.

Singular Value Decomposition (SVD)
SVD is given by
A=Uxv7T

where U and V are orthogonal matrices and ¥ (capital Sigma) is matrix having singular values along the
diagonal and zeroes elsewhere. Recall that with A = QAQ ' we needed A to be square, whereas with
A =UXVT we can have a non-square A.

NumPy has np.linalg.svd for doing an SVD. By default, if you call it on some A € R™*" you get back:

e orthogonal matrix U € R™*™ as a shape (m, m) array
« singular values in a 1D array having min(m, n) elements
« orthogonal matrix V7 € R™*" as a shape (n, n) array

11



Note that the singular values are mot returned as an m X n matrix, so we can’t just do U, S, Vvt =
np.linalg.svd(A) and immediately try U @ S @ Vvt. One approach we might use is to form a diagonal
min(n,m) X min(n, m) matrix from the array of singular values and use slicing to do a rank-aware recon-
struction.

#
# Singular Value Decomposition (SVD)
#

# Our sample matrix A will be of shape (3, 4)
A = np.array([[1, 2, 3, 2],

[4, 5, 6, 4],

[7, 8, 9, 9]1])

# Singular Value Decomposition gives us U Sigma V:

# 1. mxm array U is for our orthogonal mxm matrix

# 2. array of singular values "s" [use np.diag(s) to build a Sigma matrix]

# 3. nxn array Vt 1is for our orthogonal nxn matrix [V 1is already transposed]
m, n = A.shape

U, s, Vt = np.linalg.svd(A)

# Check: A = U Sigma V.T
check(np.allclose(A, U[:, :n] @ np.diag(s) @ Vvt[:m, :]1), "A", "U \Sigma VAT")

A=UxVvT

We can also supply np.linalg.svd with full_matrices=False so that our V7 comes back as shape (m,
min(m, n)) and we can use U @ np.diag(s) @ Vt directly.

# Alternatively: call with full_matrices=False and we get back:
# 1. mxm array U (no change)

# 2. array s (no change)

# 3. m x min(m, n) array V

# (then we have(m x m) @ (m x m) @ (m x min(m, n)))

vt_full = Vt.copy()

U, s, Vt = np.linalg.svd(A, full_matrices=False)

# Check: does Q @ R get us back to A?
check(np.allclose(A, U @ np.diag(s) @ vt), "A", "U \Sigma VAT")

A=UxvT
German-language sources refer to this decomposition as Singuldrwertzerleqgung and abbreviate it as either
SWZ or SVD.

We can tie the singular values and singular vectors from SVD back to the eigenvalues and eigenvectors of
Eigendecomposition even though our matrix A is not square. Say A € R™*", then We can use AT A to
guarantee a square n X n matrix since (n x m)(m x n) yields an (n x n) result.

12



With a little algebra we find:

ATA = (UzvhHT(UsvT) plug in definition of SVD
= (vhHTsTyT(uzvT) (ABC)T = cTBT AT
=vxTuTuxvT vhHT =v
=VeTIsv”® QTQ = QQT = I for orthogonal Q
=yuTyy?
=VyuTyy—t QT = Q! for orthogonal Q

Take a look at £7%. The matrix ¥ was constructed to have singular values along its diagonal and zeroes
elsewhere, so ©7Y will be another diagonal matrix with squares of the singular values: 02,03, ..., etc. Thus
if we let S = ©T'Y we have:

ATA=VE TSy
= VsVt let § =575

This arrangement of orthogonal matrix times diagonal matrix times the inverse of the orthogonal matrix is
just like our form for an Eigendecomposition:

A=QAQ™!
Upshot is:

« the nonzero singular values in 7% are same as the square roots of the nonzero eigenvalues in A
e the nonzero singular vectors in V are the same as the eigenvectors in ) after allowing for arbitrary
sign differences

Let’s test that out in Python. We do need to make sure to select only the non-zero eigenvalues & singular
values, hence the ~np.isclose(AtA_eigvals, 0) (~ is the bitwise NOT operator in Python).

#
# SVD back to Eigendecomposition
#

AtA = AT @ A
AtA _eigvals, AtA eigvecs = np.linalg.eig(AtA)

# do the nonzero eigenvalues tie with the singular values? we should see

# singular values = sqrt( eigenvalues )

check(np.allclose(s, np.sqrt(AtA_eigvals[~np.isclose(AtA_eigvals, 0)])),
"s_i", "\sqgrt{\lambda_i}")

Si:\/)Tz'

The eigenvalues and singular values tie perfectly. What about the eigenvectors and singular vectors? When
comparing we can wrap them in np.abs() to ignore arbitrary sign differences.

# will the V and Lambda vectors match after ignoring any sign flips?

Lmda = AtA_eigvecs[:, ~np.isclose(AtA_eigvals, 0)]

V = Vt.T

check(np.allclose(np.abs(V), np.abs(Lmda)), "|V_{ij}|", "| \Lambda_{ij} |")

|Vzg| = |Aij|

Everything ties.
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Visualizing SVD

Let’s view a 2D SVD. First, we define two 2D shapes and run the SVD. Let’s also check that the transfor-
mations recover the original matrix.

# two shapes
A = np.array([
[0.0, 0.5, 0.0, -0.9],
[0.0, 1.0, 1.0, 0.0]
1)
A = np.hstack((A, A[:, [0]11))
B = np.array([
[6.6, -0.9, 0.0, 0.5],
[6.0, 0.0, -1.8, -1.6]
1)
B = np.hstack((B, B[:, [0]]))

# matrix M will transform the polygons A and B
M = np.array([[3, 1],
[1, 211)

# SVD on a square matrix, no need for full_matrices=False
U, s, Vt = np.linalg.svd(M)
Sigma = np.diag(s)

# quick check: do the transformations take us back?
check(np.allclose(M @ A, U @ Sigma @ Vvt @ A), "MA", "U \Sigma VAT A")

MA=UXVTA

check(np.allclose(M @ B, U @ Sigma @ Vvt @ B), "MB", "U \Sigma VAT B")

MB=UXVTB
They tie. Now let’s plot.

# set up four subplots
fig, axs = plt.subplots(2, 2, figsize=(10, 10))

def setup(ax, title):
ax.axhline(0, linewidth=1)
ax.axvline(0, linewidth=1)
ax.set_aspect('equal', 'box')
ax.set_xlim(-4, 4)
ax.set_ylim(-4, 4)
ax.set_title(title)
ax.grid(True)

def draw_shape(ax, pts, fill="black"):

ax.fill(pts[0], pts[1], alpha=0.6, color=fill)
ax.plot(pts[0], pts[1])
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def draw_vectors(ax, vectors, color, alpha=1.0):
for i in range(2):
X, y = vectors[:, 1i]
ax.quiver(o, 0, x, vy,
angles='xy', scale_units='xy', scale=1,
color=color, width=0.01, alpha=alpha)

# starting shapes

draw_shape(axs[0, 0], A, fill="dodgerblue")
draw_shape(axs[0, 0], B, fill="orange")
draw_vectors(axs[0, 0], np.eye(2), 'black")
setup(axs[0, 0], "Original")

# after Vt (rotation/reflection)

draw_vectors(axs[1, 0], np.eye(2), 'gray',6 alpha=0.5)
draw_shape(axs[1, 0], Vt @ A, fill="dodgerblue")
draw_shape(axs[1, 0], Vt @ B, fill="orange")
draw_vectors(axs[1, 0], Vt.T, 'black")

setup(axs[1, 0], "After $VAT$ (Rotation/Reflection)")

# after Sigma (stretch)

draw_vectors(axs[1, 1], Vt.T, 'gray', alpha=0.5)
draw_shape(axs[1, 1], Sigma @ Vt @ A, fill="dodgerblue")
draw_shape(axs[1, 1], Sigma @ Vt @ B, fill="orange")
draw_vectors(axs[1, 1], Sigma @ Vt.T, 'black')
setup(axs[1, 1], "After $VAT$ and $\\Sigma$ (Stretch)")

# after U (gets us back to the ellipse from M @ circle)
draw_shape(axs[0, 1], M @ A, fill="dodgerblue")

draw_shape(axs[0, 1], M @ B, fill="orange")

draw_vectors(axs[0, 1], M, 'black')

setup(axs[0, 1], "After $M$, or after $VAT$, $\\Sigma$, and $U$")

plt.tight_layout()
plt.show()
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Condition Number

The condition number of a matrix M is often expressed as k(M) with the lowercase Greek Kappa reminding
us of the hard C sound of “condition” (or the literal “K” of Konditionszahl in German). A subscript
indicates which norm is being used, e.g., xo(M) for the 2-norm. Some sources use cond(M) to indicate
condition number. Lowercase Greek Gamma (M) also shows up, and some sources just give it a scalar
variable name like ¢ without any parentheses to signal that the number is a function of some argument.

Condition number is usually defined as:
k(M) = [AJ]AY (condition number)

With Python 4+ NumPy we could use np.linalg.cond(A) to get the condition number. It defaults
to the 2-norm, so np.linalg.cond(A) is the same as np.linalg.cond(A, 2). We might also piggy-
back off of an SVD and use Z—l if we wanted a 2-norm anyway. Using np.linalg.norm(A, 2) *
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np.linalg.norm(np.linalg.inv(A), 2) leads to unstable results, though. Also note that np.linalg.norm()
does not default to 2-norm, meaning the defaults to not match between these two NumPy functions.

Let’s demonstrate that numerical instability on a matrix that just barely counts as rank 3. This matrix
below will give us some very large condition number, but it still shows as being rank 3.

# same A from QR decomp but adjusted just enough to be rank 3
A = np.array([[1, 2, 3 + 1le-12],
[4, 5, 6],
[7, 8, 911)
check(np.allclose(np.linalg.matrix_rank(A), 3), "\\text{rank}(A)", "3")

rank(4) =3
Both the SVD piggyback and np.1linalg.cond() will give the same answer.

U, s, Vt = np.linalg.svd(A)
cond = s[0]/s[-1]
check(np.allclose(np.linalg.cond(A), cond), "\kappa 2(A)", "\\frac{\sigma_1}{\sigma_n}")

However, applying the condition formula leads to different answers.

check(np.allclose(np.linalg.norm(A, 2) *
np.linalg.norm(np.linalg.inv(A), 2), cond),
"\kappa_2(A)", "\|A\|_2 \|AA{-1}\|_2")

ky(A) # [ Al A7,

Here’s one way to track down the hidden linear dependence.

# check the smallest
v_min = Vt.T[:, -1]

# normalize to simple integer ratio

ratios = v_min / v_min[0]
print("Condition Number = ", cond, "\nLinear Combination = ", ratios)

## Condition Number = 101311532554043.58
## Linear Combination = [ 1. -2. 1.]

How close does that linear combination put us to zero?

# check: pretty close to zero?
print(np.allclose(A[:, 0] - 2 * A[:, 1] + A[:, 2], 0))

## True

Let’s try a “real rank 3” matrix.
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# real rank 3
A = np.array([[2, 0, 0],
[6, 3, 0],
[0, 0, 511)
check(np.allclose(np.linalg.matrix_rank(A), 3), "\\text{rank}(A)", "3")

rank(A4) =3
Between the 2 and the 5 this ought to have a condition number of 2.5. Let’s check.

check(np.allclose(np.linalg.cond(A), 2.5), "\kappa(A)_ 2", "2.5")

Kk(A)y =25
Now we ought to get the same answer with the |A[|| A~ formula.
check(np.allclose(np.linalg.cond(A),

np.linalg.norm(A, 2) * np.linalg.norm(np.linalg.inv(A), 2)),
"\kappa_2(A)", "\|JA\|_2 \|AA{-1}\|_2")

ko (A) = A A7,
We can test this with some other norm. Let’s try the default of np.1linalg.norm() this time.
check(np.allclose(np.linalg.cond(A, 'fro'),

np.linalg.norm(A) * np.linalg.norm(np.linalg.inv(A))),
"\kappa_F(A)", "\|A\|_F \|AA{-1}\|_F")

kp(A) = [Alp|A e
What about hand calculated?

check(np.allclose(np.linalg.cond(A, 'fro'),
np.sqrt((1/2)**2 + (1/3)**2 + (1/5)**2) *
np.sqrt(2**2 + 3**2 + 5**2)),
"\kappa_F(A)",
f"{np.sqrt((1/2)**2 + (1/3)**2 + (1/5)**2) * np.sqrt(2**2 + 3**2 + 5**2)}")

kp(A) = 3.904128868547018

Linear Regression

What we call linear regression is actually most often affine since we have an intercept term:

g = ﬁO + ﬂlxl +oee ﬁnmn
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Say we represent the weights f; ... 8,, as a vector w. We're still left with that bias term f:
J=pB+tw'x
We can tidy this up if we add a column of ones to our x, say as either the first or the last column. Now one
of the weights can multiply the value 1 to give us an intercept term, and we have a linear formula:
g=w"z
In Python we might use np.column_stack and np.ones as in this example.

import pandas as pd
import numpy as np

# read CSV
c = pd.read_csv(r"E:\docs\Classes\ISL\Advertising.csv") \
.rename(columns={"Unnamed: 0": "Id"}) \

.set_index('Id")

H*

for Ax = b: sales 1is our dependent variable b
= c['sales'].values

o

*

for Ax = b: A will be our one independent var plus a column of ones for the bias
= np.column_stack((c['TV'].values, np.ones(len(c['TV'].values))))

>

# linear regression to fit \hat{b} = Ax
X, RSS, rank, S = np.linalg.lstsq(A, b, rcond=None)

Least Squares

Let’s say we have some “tall” training data set. If A is our tall input matrix of independent variables and
b is our target vector (the dependent variable), we might do a least squares linear regression with x, RsSS,
rank, S = np.linalg.lstsq(A, b, rcond=None) to find weights = for Az = b along with the residual sum of
squares (RSS), the rank of the matrix, and any singular values.

If we take a step back and look at this from a linear algebra perspective we’ll find our friend the left inverse.
Our sum of squared errors is RSS(z) = (b — Az)? = (b — Az)T (b — Az) = bTb — 20T Ax + 2T AT Az. How
would we minimize that function? It’s a quadratic, so the minimum is going to be where the gradient is
zero. If we use V,, to indicate the partial derivative with respect to our weight vector = we get:

V,=0—2ATb+2AT Ax
=2AT Az — 2ATD
Set it to zero and use a little algebra with our left inverse move to solve.
0=2AT Az —2AT} (set to zero)
2ATH = 2AT Az (add 2ATb to both sides)
Lyary _ Loar
22A b= 22A Az
ATb = AT Az
(ATA)TATY = (AT A) L AT Ax (multiply both sides by left inverse of AT A)
(ATA)1ATh = 2
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So in Python, assuming the columns of our tall matrix are really linearly independent, we could set our
weights x to (ATA)_lATb using np.linalg.inv(A.T @ A) @ A.T @ b in lieu of np.linalg.lstsq().

Let’s check.

# create three independent variables and random noise
rng = np.random.default_rng(2026)

X = rng.uniform(-1, 1, (100,3)).round(3)

noise = rng.normal(0, 0.1, (100, 3))

# set up our Ax = b
(X + noise) @ [1, 2, 3] + 4
np.column_stack([X, np.ones(X.shape[0])])

> T
"

# left inverse
A_left_inv = np.linalg.inv(A.T @ A) @ A.T @ b

# least squares
1sq = np.linalg.lstsq(A, b, rcond=None)[0]

# check: will left inverse give same result as least np.linalg. lstsq?
check(np.allclose(lsq, A_left_inv), "(AAT A)A{-1} AAT b", "\\text{Least Squares Solution}")

(AT A)~tATh = Least Squares Solution

The Python results tie.

This was with linearly independent columns. If for some reason not all columns were linearly independent—
well really we ought to revisit our columns in that case, but if we wanted we could use np.linalg.pinv(A.T
@ A) @ A.T @ b to get the same result as with np.linalg.lstsq(A, b, rcond=None)[0]. Let’s break linear
independence and see what kind of error we get. In Python, exception handling is via try/except. We'll use
a new matrix B.

# try without linear independence

B = A.copy()
B[:, 1] = 2 * B[:, 0]
try:

np.linalg.inv(B.T @ B) @ B.T @ b
except np.linalg.LinAlgError as e:
print(e)

## Singular matrix

By setting the second column of B equal to exactly twice the first column we introduced linear dependency,
hence the Singular matrix error message. We could have checked for that with np.linalg.matrix_rank()
and seen that the rank was only 3 versus the 4 in the original A.

check(np.allclose(np.linalg.matrix_rank(A), 4), "\\text{rank}(A)", "4")

rank(A) =4
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check(np.allclose(np.linalg.matrix_rank(B), 4), "\\text{rank}(B)", "4")

rank(B) # 4

check(np.allclose(np.linalg.matrix_rank(B), 3), "\\text{rank}(B)", "3")

rank(B) = 3
Now to check that np.1linalg.pinv(B.T @ B) @ B.T @ b really does work.

# check: will pseudoinverse give same result as least np.linalg. lstsq?

B_pseudo = np.linalg.pinv(B.T @ B) @ B.T @ b

1sq = np.linalg.1lstsq(B, b, rcond=None)[0]

check(np.allclose(lsq, B_pseudo), "(BAT B)A{\dagger} BAT b", "\\text{Least Squares Solution}")

(BT B)! BTb = Least Squares Solution

It works.

We're giving the computer more work if we swap out np.linalg.lstsq() for three @ and either
np.linalg.inv() or np.linalg.pinv(), so we would probably never run it this way in practice, but it’s nice
to see the connection.

Principal Component Analysis (PCA)

We can try out PCA on the Olivetti faces dataset. Each face is 112 * 92 = 10,304 pixels (i.e., 10,304
dimensions). We’ll use PCA to see how well we can reconstruct using just 10 or 100 principal components.
We could use eigendeomposition or SVD. Let’s try SVD.

First we load the data file.

# load the Olivetti face dataset (400 faces, 112 pixels high by 92 pixes wide)
import scipy.io

X = scipy.io. loadmat(r'E:\docs\Classes\CSE 41287\pca\facesOlivetti')["X"]

h = 112

w = 92

Let’s find the mean face, and save a recentered X.
# find the mean face and save recentered pixels

mean_face = np.mean(X, axis=0)
X_r = X - mean_face

SVD is a one-liner.

# SVD
U, s, Vt = np.linalg.svd(X_r, full_matrices=False)

Finally we construct the projection and reconstruct images using 0, 10, and 100 principal components.
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# find the projection
X_proj = X_r @ Vt.T

def reconstruct(k: int = 1):
"""Reconstruct X from X_proj and vt"""
X_rec = (X_proj[:, :k] @ vt[:k, :]) + mean_face
mse_per = np.mean((X - X_rec)**2, axis=1)
rmse_per = np.sqrt(mse_per)
return rmse_per, X_rec

# try it with mean face only, 10 PCs, and 100 PCs
rmse®, XrecO = reconstruct(0)

rmsel®, Xrecl® = reconstruct(10)

rmsel00, Xrecl00 = reconstruct(100)

Let’s visualize the face most similar to the mean and the face least similar to the mean. We can use
np.argmin() and np.argmax() to look them up.

# use the most mean and least mean sample faces for visualizing
idx_mm = np.argmin(rmse@)
idx_1lm = np.argmax(rmse0)
indices = [idx_mm, idx_1m]

Plotting the faces and reconstructions, it’s interesting that after 100 PCs both the most mean and least
mean faces have converged on the same reconstruction error. It’s also interesting how much the mean face
looks like a blurry face.

# plot with 2 rows of four subplots: mean face, 10 PCs, 100 PCs, orig
fig, axes = plt.subplots(2, 4, figsize=(8, 4))

for i, idx in enumerate(indices):

# mean face

axes[i, 0].imshow(mean_face.reshape(w, h).T, cmap='gray', vmin=0, vmax=1)
axes[i, 0].set_title(f"Mean face \n(RMSE={rmse®[idx]:.3f})");

axes[i, 0].axis('off'");

# 10 PCs

axes[i, 1].imshow(Xrec10[idx, :].reshape(w, h).T, cmap='gray', vmin=0, vmax=1)
axes[i, 1].set_title(f"10 PCs \n(RMSE={rmsel10[idx]:.3f})");

axes[i, 1].axis('off'");

# 100 PCs

axes[i, 2].imshow(Xrec100[idx, :].reshape(w, h).T, cmap='gray', vmin=0, vmax=1)
axes[i, 2].set_title(f"100 PCs \n(RMSE={rmsel100[idx]:.3f})");

axes[i, 2].axis('off'");

# original

axes[i, 3].imshow(X[idx, :].reshape(w, h).T, cmap='gray', vmin=0, vmax=1)
axes[i, 3].set_title(f"Original \n(idx={idx})");

axes[i, 3].axis('off'");

plt.tight_layout()
plt.show()
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Mean face 10 PCs 100 PCs Original
(RMSE=0.107) (RMSE=0.087) (RMSE=0.048) (idx=144)

Mean face 10 PCs 100 PCs Original
(RMSE=0.217) (RMSE=0.128) (RMSE=0.048) (idx=153)

-

.-

German-language sources refer to principal components as Hauptkomponenten and principal component
analysis as Hauptkomponentenanalyse (HKA).

23



	Background
	Conventions
	Shape and Structure
	Addition and Multiplication
	I
	M^{-1}
	M^P
	M^T
	\|A\|
	det(M)
	\mu_X, R_X, and C_X
	H_f
	J_f

	Quadratic Form
	Left Inverses and Pseudoinverses
	Decompositions
	LU Decomposition
	QR Decomposition
	Eigendecomposition
	Singular Value Decomposition (SVD)
	Visualizing SVD


	Condition Number
	Linear Regression
	Least Squares
	Principal Component Analysis (PCA)

