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1 Background

These are general notes for probability. The document was created in RMarkdown with R plus a little LATEX.
TikZ (“TikZ ist kein Zeichenprogramm”) was used for the diagrams.

2 Basics

2.1 Interpretations

When working through probability theory it can be useful to motivate definitions and theorems by appealing
to intuitions about what probability “really means”. With probability there’s no single accepted interpreta-
tion, though. Like other useful mathematical abstractions, the mathematical abstraction that is probability
gets applied in many different contexts. This applicability leads to a number of interpretations of what
probability means. Interpretations include:

• as a generalization of deductive logic

– extends by allowing degrees of implication between false (0) and true (1)
– examine the probability space and evidence logically

• as a degree of belief

– probabilities quantify what may be subjective (but rational) degrees of belief
– update a priori beliefs given new evidence

• as a relative frequency

– probabilities are objective properties to be estimated
– frequency in the long-run

• as a propensity or disposition

– also an objective property
– effects from causes (propensity or tendency)

• “classical” approach of reducing to equally likely cases

– may use principle of indifference

Nonetheless, to quote from Introduction to Probability Theory by Hoel, Port, and Stone:

For the mathematical theory of probability the interpretation of probabilities is irrelevant, just as in geometry
the interpretation of points, lines, and planes is irrelevant.

What is broadly accepted is that mathematical probability ought to be developed from axioms of probability
independent of any specific interpretation. Quoting A. N. Kolmogorov:

The theory of probability, as a mathematical discipline, can and should be developed from axioms in exactly
the same way as Geometry and Algebra.

As Casella and Berger put it in the second edition of Statistical Inference:

…the axiomatic approach is not concerned with the interpretations of probabilities, but is concerned only that
the probabilities are defined by a function satisfying the axioms.

Probability theory starts with using the theory of sets to construct probability spaces.
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2.2 Set Theory and Probability Spaces

2.2.1 Outcomes and the Sample Space

We can define an outcome (or elementary event) as any possible “thing that happens” in a given trial,
i.e., any possible observation of an experiment. We then define a universal set of all the possible outcomes
named the sample space. Yates and Goodman give a nice definition in the second edition of Probability
and Stochastic Processes:

The sample space of an experiment is the finest-grain, mutually exclusive, collectively exhaustive set of all
possible outcomes.

By “finest-grain, mutually exclusive, collectively exhaustive” we mean:

• finest-grain as in all possible distinguishable outcomes are identified separately
• mutually exclusive in that if one outcome occurs, no other outcome occurs
• collectively exhaustive in that every outcome is included

Authors typically denote the sample space with a capital letter, e.g., Ω (Greek letter capital Omega), 𝐸
(as in “elements”), or 𝑆 (as in “samples” or “sample points”) and often use the corresponding lowercase for
individual outcomes, e.g., 𝜔𝑖 for an outcome in Ω.

By using sets to set up probability, we inherit set notation:

• Brackets {} indicate a set

– e.g., read {𝑥 ∣ 0 ≤ 𝑥 ≤ 1} as “the set of x such that x is between 0 and 1 inclusive”
– sometimes using ∶ instead of ∣, e.g., {𝑥 ∶ 0 ≤ 𝑥 ≤ 1}
– either {} or ∅ to indicate the empty set

• 𝑥 ∈ 𝐴 indicates 𝑥 is in 𝐴

– can be read as “is an element” or “is a member of”

• 𝑥 ∉ 𝐴 means 𝑥 is not in 𝐴
• 𝐴 ⊆ 𝐵 indicates 𝐴 is a subset of 𝐵 (possibly equal subset)

– subset as in 𝐴 ⊆ 𝐵 ⟺ 𝑥 ∈ 𝐴 ⟹ 𝑥 ∈ 𝐵
– some sources may use ⊂ for possibly equal subset
– will use ⊂ for proper subset in these notes
– reflexive: 𝐴 ⊆ 𝐴

• 𝐴 = 𝐵 indicates 𝐴 equals 𝐵

– equals as in 𝐴 = 𝐵 ⟺ 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴

• 𝐴 ∪ 𝐵 denotes 𝐴 union 𝐵

– union operating like a logical “or”, i.e., 𝐴 ∪ 𝐵 = {𝑥 ∣ (𝑥 ∈ 𝐴) ∨ (𝑥 ∈ 𝐵)}
– idempotent: 𝐴 ∪ 𝐴 = 𝐴
– commutative: 𝐴 ∪ 𝐵 = 𝐵 ∪ 𝐴
– associative: 𝐴 ∪ (𝐵 ∪ 𝐶) = (𝐴 ∪ 𝐵) ∪ 𝐶

• 𝐴 ∩ 𝐵 denotes 𝐴 intersect 𝐵

– intersection corresponding to logical “and”, i.e., 𝐴 ∩ 𝐵 = {𝑥 ∣ (𝑥 ∈ 𝐴) ∧ (𝑥 ∈ 𝐵)}
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– idempotent: 𝐴 ∩ 𝐴 = 𝐴
– commutative: 𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐴
– associative: 𝐴 ∩ (𝐵 ∩ 𝐶) = (𝐴 ∩ 𝐵) ∩ 𝐶

• 𝐴 ∖ 𝐵 indicates 𝐴 minus 𝐵, i.e., the difference

– 𝐴 ∖ 𝐵 = {𝑥 ∣ 𝑥 ∈ 𝐴 and 𝑥 ∉ 𝐵}
– 𝐴 ∖ 𝐴 = ∅
– 𝐴 ∖ ∅ = 𝐴
– ∅ ∖ 𝐴 = ∅

• 𝐴∁ indicates the complement of 𝐴, i.e., 𝐴∁ = Ω ∖ 𝐴

– some authors use 𝐴 to indicate 𝐴∁

The ∩ and ∪ operations have the distributive property as well, e.g., we can distribute the 𝐴∪ of 𝐴 ∪ (𝐵 ∩ 𝐶)
across the other terms as (𝐴 ∪ 𝐵) ∩ (𝐴 ∪ 𝐶).
The set theoretic terms “disjoint” and “partition” come up in the context of probability.

Disjoint 𝐴 and 𝐵 are disjoint if 𝐴 ∩ 𝐵 = ∅.
Partition A partition of a set 𝐴 is a set containing one or more empty subsets of 𝐴 such that every element

of 𝐴 is in exactly one of these subsets. For example, if ⋃∞
𝑖=1 𝐴𝑖 = Ω and 𝐴1, 𝐴2, … are all pairwise

disjoint, then the set 𝐴1, 𝐴2, … forms a partition of Ω.

There are other basic set theory identities and “laws”. One example are de Morgan’s laws:

• (𝐴 ∪ 𝐵)∁ = 𝐴∁ ∩ 𝐵∁ “the complement of the union is the intersection of the complements”
• (𝐴 ∩ 𝐵)∁ = 𝐴∁ ∪ 𝐵∁ “the complement of the intersection is the union of the complements”

Note that the same procedure can yield different samples spaces depending on what it is we’re observing.
Say the procedure is to flip a coin twice. If our observations are to simply count heads, then our sample space
Ω = {0, 1, 2}, i.e., just the three outcomes. If on the other hand we’re observing heads or tails (including
the order) then our sample space Ω = {𝐻𝐻, 𝐻𝑇 , 𝑇 𝐻, 𝑇 𝑇 } and we have four outcomes.

2.2.2 Events and Event Spaces

After defining what we mean by outcomes, our next move is to create a structure against which we will
assign probabilities. In other words, we will separate the “things that happen” from the “statements we can
evaluate about those things”. To that end we define an event (or random event) to be a set of outcomes
of an experiment, i.e., some subset of Ω. We collect events together into an event space. Again following
Yates and Goodman:

An event space is a collectively exhaustive, mutually exclusive set of events.

Popular notation choices for an event space are capital letters such as 𝔉 or ℱ (as in “field” in the mathematical
sense), ℬ (as in “Borel field”), ℰ (as in “event”), or 𝒜. We’ll use ℱ as the default label for an event space.
Sources may define ℱ as a sigma-field (also called sigma-algebra or Borel field, or in German-language
sources as Borelsche Körper or Borelsche 𝜎-Algebra), this indicating that:

• ℱ is a field of subsets of Ω
• the empty set is a member of the field ℱ, i.e., ∅ ∈ ℱ
• ℱ is closed under complements, i.e., 𝐴 ∈ ℱ ⟹ 𝐴∁ ∈ ℱ
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• ℱ is closed under countable unions

Having these properties makes ℱ closed under countable intersections as well.

Notice that we had “an” event space, not “the” event space. We have options. When choosing ℱ a sensible
approach is to go with the smallest set that satisfies. So for example if the procedure is to flip a coin twice
and our observations are to simply count heads, thus yielding Ω = {0, 1, 2}, what makes sense as the small
set that satisfies? Arguably it makes the most sense to use ℱ = 𝒫(Ω) (the power set of Ω), which would be
𝒫(Ω) = {∅, {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}}.

We do not require that every subset of Ω be in ℱ. Here’s an example adapted from A First Course in
Probability and Markov Chains by Modica and Poggiolini. Say we have as a sample space five playing cards
Ω = {𝐴♠, 𝐾♠, 𝑄♠, 𝐽♥, 𝐽♦}. It is completely valid to define our ℱ as the algebra generated by just the
subsets 𝐴 = {𝐴♠, 𝐾♠} and 𝐵 = {𝐾♠, 𝑄♠}. Applying our requirements gives us:

• ∅ ∈ ℱ
• Ω ∈ ℱ
• 𝐴 ∈ ℱ
• 𝐵 ∈ ℱ
• 𝐴∁ ∈ ℱ
• 𝐵∁ ∈ ℱ
• 𝐴 ∩ 𝐵 ∈ ℱ
• 𝐴 ∩ 𝐵∁ ∈ ℱ
• 𝐴∁ ∩ 𝐵 ∈ ℱ
• all the finite unions of the above

Thus we get {𝐴♠} = 𝐴 ∩ 𝐵∁, {𝐾♠} = 𝐴 ∩ 𝐵, and so forth. Adding these up, we get just 16 events in ℱ,
half the number we would have had with the power set of Ω:

1. empty set ∅
2. singleton {𝐴♠}
3. singleton {𝐾♠}
4. singleton {𝑄♠}
5. pair {𝐴♠, 𝐾♠}
6. pair {𝐴♠, 𝑄♠}
7. pair {𝐾♠, 𝑄♠}
8. pair {𝐽♥, 𝐽♦}
9. trio {𝐴♠, 𝐾♠, 𝑄♠}

10. trio {𝐴♠, 𝐽♥, 𝐽♦}
11. trio {𝐾♠, 𝐽♥, 𝐽♦}
12. trio {𝑄♠, 𝐽♥, 𝐽♦}
13. quartet {𝐴♠, 𝐾♠, 𝐽♥, 𝐽♦}
14. quartet {𝐴♠, 𝑄♠, 𝐽♥, 𝐽♦}
15. quartet {𝐾♠, 𝑄♠, 𝐽♥, 𝐽♦}
16. sample space {𝐴♠, 𝐾♠, 𝑄♠, 𝐽♥, 𝐽♦}

This ℱ leaves out 16 possibilities—for example the singletons {𝐽♥} and {𝐽♦}—but is a completely valid
event space as it is closed under complements, countable unions, etc.

We can accommodate countably infinite outcomes. For example, if our procedure was “count the number
of flips of a coin until you get heads”, then Ω = {0, 1, 2, … } (often denoted as ℕ or ℕ0), so we would let
ℱ = 𝒫(Ω).
What if we have uncountably infinite outcomes? In that case we choose ℱ to contain any outcome of
interest. If for instance outcomes are real numbers, then we can set up ℱ to contain all sets of the form
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[𝑎, 𝑏], (𝑎, 𝑏], [𝑎, 𝑏), (𝑎, 𝑏) (plus their complements and countable unions) for 𝑎, 𝑏 ∈ ℝ, or perhaps only the half-
open intervals [𝑎, 𝑏) or only the open intervals (𝑎, 𝑏). Intervals like [−∞, 𝑎) can be useful for cumulative
distribution functions.
Some authors consider ℱ to be a class as opposed to a set where by “class” we mean a more general notion
from the foundations of set theory.
Upshot is we have many possible event spaces. For these notes, when not specifying otherwise, for finite and
countably infinite let’s assume we’re using 𝒫(Ω) and for uncountably infinite we choose a ℱ that satisfies
the sigma-field requirements.
One other detail—to the standard set notation we also add:

• 𝐴𝐵 indicates 𝐴 and 𝐵 both occurring, i.e., 𝐴𝐵 is short for 𝐴 ∩ 𝐵

Many authors use this notation, going at least as far back as Kolmogorov’s 1933 work, where he indicates
he follows the 1927 text Mengenlehre by Felix Hausdorff—Mengenlehre does indeed use 𝐴𝐵 to indicate die
Menge der Elemente, die zugleich zu 𝐴 und zu 𝐵 gehoren, and you can look even further back to Hausdorff’s
1914 Grundzüge der Mengenlehre where he uses 𝐴𝐵 to indicate das Produkt of 𝐴 and 𝐵. For these notes we
will use both 𝐴𝐵 and 𝐴 ∩ 𝐵.

2.2.3 Probability Measure

Next up is to bring in probabilities. To each set 𝐴 in ℱ is assigned a non-negative real number 𝑃 [𝐴]
(sometimes written 𝑃(𝐴), P(𝐴), ℙ(𝐴), or 𝑃𝑟(𝐴)) such that 𝑃 [Ω] = 1, i.e., 𝑃 [⋅] is a function that maps
events to non-negative real numbers such that the total over all outcomes comes out to 1. We read 𝑃 [𝐴] as
“the probability of 𝐴”.
Together, the sample space Ω, event space ℱ, and probability measure 𝑃 give us a model for working with
random processes. Many sources group these together into a triplet (Ω, ℱ, 𝑃).

2.2.4 Countable Additivity

Then we need just one more rule to define how probabilities interact. One common choice is countable
additivity (sometimes called sigma-additivity): for any countable collection 𝐴1, 𝐴2, … of mutually exclusive
events, the probability of their union is the same as the sum of their probabilities, i.e.

𝑃 [𝐴1 ∪ 𝐴2 ∪ … ] = 𝑃 [𝐴1] + 𝑃 [𝐴2] + … , for pairwise disjoint 𝐴1, 𝐴2, …
Countable additivity is the typical but not the only choice.

2.2.5 Alternatives

Alternatively, some sources go the finite route and use 𝑃 [𝐴1 ∪ 𝐴2] = 𝑃 [𝐴1] + 𝑃 [𝐴2], 𝐴1 ∩ 𝐴2 = ∅ as a
third axiom. In instances where we have a finite sample space then really all we need is finite additivity, so
arguably in those cases we ought to be parsimonious and avoid the other route having the infinity.
Another interesting special case is when each outcome in Ω is equally likely, meaning we have:

𝑃 [𝜔𝑖] = 1
𝑛, 1 ≤ 𝑖 ≤ 𝑛, Ω = {𝜔1, 𝜔2, … , 𝜔𝑛} all equally likely outcomes

This configuration gives us a uniform probability space. Much of the classic work in probability involved
uniform probabilities. Many games of chance involving dice rolls or the like fit nicely under a uniform
probability space. Another way to express this is:

𝑃 [𝐴] = |𝐴|
|Ω| , ∀𝐴 ⊆ Ω
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Where |𝐴| indicates the cardinality of set 𝐴 and ∀ means “for all”.

This gives us a uniform distribution on a finite set and is sufficient for many games of chance involving die
rolls and the like. For these notes, though, we’ll stick with countable additivity.

2.2.6 Axioms of Probability

Putting this all together, if we’re going the countable additivity route we get these three axioms:

1. 𝑃 [𝐴] ≥ 0, for any event 𝐴 ∈ ℱ
2. 𝑃 [Ω] = 1
3. (countable additivity) 𝑃 [ ⋃∞

𝑖=1 𝐴𝑖 ] = ∑∞
𝑖=1 𝑃 [𝐴𝑖] for pairwise disjoint 𝐴1, 𝐴2, …

Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 2
𝑃 [Ω] = 1

Axiom 3
Countable additivity

Figure 1: Axioms of Probability

This leads us into a number of theorems.

2.3 Basic Theorems

2.3.1 Probability of the empty set

First off, we can use axioms 1 and 3 to identify the probability of the empty set.

Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 3
Countable additivity

Theorem 2.1
𝑃 [∅] = 0

Figure 2: Probability of the empty set

Theorem 2.1. Probability of the empty set

𝑃 [∅] = 0

Proof. Let 𝐴1 be some arbitrary event in ℱ, and for 𝑛 = 2, 3, … let 𝐴𝑛 = ∅ (∅ is also in ℱ). In set theory,
𝐴 ∪ ∅ = 𝐴, 𝐴 ∩ ∅ = ∅, and ∅ ∩ ∅ = ∅, hence the events 𝐴1, 𝐴2, … are pairwise disjoint, and we can invoke the
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countable additivity axiom to write:

𝑃 [𝐴1] = 𝑃 [
∞
⋃
𝑖=1

𝐴𝑖 ]

=
∞

∑
𝑖=1

𝑃 [𝐴𝑖] by the countable additivity axiom

= 𝑃[𝐴1] + 𝑃 [𝐴2] +
∞

∑
𝑖=3

𝑃 [𝐴𝑖] peeling away first two terms of the sum

𝑃 [𝐴1] − 𝑃 [𝐴1] = 𝑃 [𝐴1] + 𝑃 [𝐴2] +
∞

∑
𝑖=3

𝑃 [𝐴𝑖] − 𝑃 [𝐴1] subtract 𝑃 [𝐴1] from both sides

0 = 𝑃 [𝐴2] +
∞

∑
𝑖=3

𝑃 [𝐴𝑖]

= 𝑃 [∅] +
∞

∑
𝑖=3

𝑃 [𝐴𝑖] 𝐴2 = ∅

Then we put our first axiom to work. 𝑃 [𝐴] ≥ 0 for any event 𝐴 ∈ ℱ, so the terms on the right-hand side
above are non-negative, hence the right-hand side is a sum of non-negative real numbers equal to 0. This is
only possible if each term is 0. Therefore the first term on the right 𝑃 [∅] = 0.

Another approach would be to work in the other direction by proving 𝑃 [𝐴∁] = 1 − 𝑃 [𝐴] using 𝑃 [Ω] = 1
(axiom 1), then applying axiom 3.

2.3.2 Finite additivity

Next theorem—since 𝑃 [∅] = 0 we can plug into axiom 3 a special case for just mutually exclusive sets 𝐴1
and 𝐴2 in ℱ to find that:

Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 3
Countable additivity

Theorem 2.1
𝑃 [∅] = 0

Theorem 2.2
Finite additivity

Figure 3: Finite additivity for two disjoint events

Theorem 2.2. Finite additivity for two disjoint events

If 𝐴1 ∩ 𝐴2 = ∅, 𝐴1, 𝐴2 ∈ ℱ, then

𝑃 [𝐴1 ∪ 𝐴2] = 𝑃 [𝐴1] + 𝑃 [𝐴2]
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Proof. For 𝐴1, 𝐴2, ⋯ ∈ ℱ let 𝐴1 and 𝐴2 be arbitrary disjoint events and 𝐴𝑛 be ∅ for all 𝑛 > 2.

𝑃 [𝐴1 ∪ 𝐴2] = 𝑃 [𝐴1 ∪ 𝐴2 ∪ … ]

=
∞

∑
𝑖=1

𝑃 [𝐴𝑖] countable additivity (Axiom 3) since 𝐴1, 𝐴2, … pairwise disjoint

= 𝑃 [𝐴1] + 𝑃 [𝐴2] +
∞

∑
𝑖=3

𝑃 [𝐴𝑖]

= 𝑃 [𝐴1] + 𝑃 [𝐴2] +
∞

∑
𝑖=3

𝑃 [∅]

= 𝑃 [𝐴1] + 𝑃 [𝐴2] +
∞

∑
𝑖=3

0 𝑃 [∅] = 0 (Theorem 2.1)

= 𝑃 [𝐴1] + 𝑃 [𝐴2]

More generally, for 𝐴 ∈ ℱ where 𝐴 = 𝐴1 ∪ 𝐴2 ∪ ⋯ ∪ 𝐴𝑛 when 𝐴𝑖 ∩ 𝐴𝑗 = ∅, 𝑖 ≠ 𝑗 we get:

Theorem 2.3. Finite additivity (𝑛 disjoint events)

Let
𝐴 =

𝑛
⋃
𝑖=1

𝐴𝑖

where the events 𝐴1, … , 𝐴𝑛 ∈ ℱ are pairwise disjoint. Then

𝑃 [𝐴] =
𝑛

∑
𝑖=1

𝑃 [𝐴𝑖]

In other words, the probability of the union of disjoint events is one and the same as the sum of the
probabilities of the disjoint events. A good way to prove this would be via induction on Theorem 2.2.

Proof. The case 𝑛 = 2 is Theorem 2.2. To set up our induction, suppose we have a set of 𝑚 = 𝑛 + 1
pairwise disjoint events {𝐴1, … , 𝐴𝑛+1}. Then {𝐴1, … , 𝐴𝑛} is also a set of pairwise disjoint events, and
{𝐴1, … , 𝐴𝑛}∩𝐴𝑛+1 = ∅, so applying Theorem 2.2 we get 𝑃 [{𝐴1, … , 𝐴𝑛}∪𝐴𝑛+1] = 𝑃 [{𝐴1, … , 𝐴𝑛}]+𝑃 [𝐴𝑛+1].
Now define 𝐴 = ⋃𝑚

𝑖=1 𝐴𝑖 and we get the form

𝑃 [𝐴] =
𝑚−1
∑
𝑖=1

𝑃 [𝐴𝑖] + 𝑃 [𝐴𝑚] 𝑃 [{𝐴1, … , 𝐴𝑛} ∪ 𝐴𝑛+1] = 𝑃 [{𝐴1, … , 𝐴𝑛}] + 𝑃 [𝐴𝑛+1]

=
𝑚

∑
𝑖=1

𝑃 [𝐴𝑖]

2.3.3 Probability of the complement of an event

From the axioms and finite additivity we can identify the probability of the complement of an event.
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Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 3
Countable additivity

Axiom 2
𝑃 [Ω] = 1

Theorem 2.1
𝑃 [∅] = 0

Theorem 2.2
Finite additivity

Theorem 2.4
𝑃 [𝐴∁] = 1 − 𝑃 [𝐴]

Figure 4: Probability of the complement of an event

Theorem 2.4. Probability of the complement of an event

𝑃 [𝐴∁] = 1 − 𝑃 [𝐴]

Proof. Let 𝐴 ∈ ℱ be some arbitrary event.

𝑃 [𝐴 ∪ 𝐴∁] = 𝑃 [Ω]
= 1 axiom 2

𝑃 [𝐴] + 𝑃 [𝐴∁] = 1 since 𝐴 and 𝐴∁ are disjoint (Theorem 2.2)
𝑃 [𝐴] − 𝑃 [𝐴] + 𝑃 [𝐴∁] = 1 − 𝑃 [𝐴]

𝑃 [𝐴∁] = 1 − 𝑃 [𝐴]

2.3.4 Probability of the union of two events

We saw finite additivity already for the case where we have disjoint events. What about more generally
for any 𝐴1, 𝐴2 ∈ ℱ where the events are not necessarily disjoint? From set theory we inherit (or ought to
inherit) the principle of inclusion-exclusion.

Theorem 2.5. Probability of the union of two events

For 𝐴1, 𝐴2 ∈ ℱ:
𝑃 [𝐴1 ∪ 𝐴2] = 𝑃 [𝐴1] + 𝑃 [𝐴2] − 𝑃 [𝐴1 ∩ 𝐴2]

Rather than “inheriting without proof” maybe it’s best to show the reasoning behind the principle of
inclusion-exclusion.

Proof.

𝑃 [𝐴1 ∪ 𝐴2] = 𝑃 [𝐴1 ∖ 𝐴2] + 𝑃 [𝐴1 ∩ 𝐴2] + 𝑃 [𝐴2 ∖ 𝐴1]
= 𝑃 [𝐴1] − 𝑃 [𝐴1 ∩ 𝐴2] + 𝑃 [𝐴1 ∩ 𝐴2] + 𝑃 [𝐴2 ∖ 𝐴1] 𝑃 [𝐴1 ∖ 𝐵] = 𝑃 [𝐴1] − 𝑃 [𝐴1 ∩ 𝐴2]
= 𝑃 [𝐴1] + 𝑃 [𝐴2 ∖ 𝐴1] 𝑃 [𝐴1 ∩ 𝐴2] cancellation
= 𝑃 [𝐴1] + 𝑃 [𝐴2] − 𝑃 [𝐴1 ∩ 𝐴2] 𝑃 [𝐴2 ∖ 𝐴1] = 𝑃 [𝐴2] − 𝑃 [𝐴1 ∩ 𝐴2]

10



2.3.5 Complete probability

Another basic item. Say we have some set 𝐵 that partitions the sample space Ω, i.e., Ω = ⋃𝑛
𝑖=1 𝐵𝑖. Then

by applying finite additivity we can know the probability of the sum of intersections of 𝐴 ∈ ℱ with the
elements of 𝐵.

Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 3
Countable additivity

Theorem 2.1
𝑃 [∅] = 0

Theorem 2.2
Finite additivity

Theorem 2.3
Finite additivity (𝑛)

Theorem 2.6
Complete probability

Figure 5: Complete probability

Theorem 2.6. Complete probability

For a partition of the sample space {𝐵1, 𝐵2, … , 𝐵𝑛} and any 𝐴 ∈ ℱ:

𝑃 [𝐴] =
𝑛

∑
𝑖=1

𝑃 [𝐴 ∩ 𝐵𝑖]

Proof.

𝐴 = 𝐴 ∩ Ω

= 𝐴 ∩
𝑛

⋃
𝑖=1

𝐵𝑖

=
𝑛

⋃
𝑖=1

(𝐴 ∩ 𝐵𝑖) distributing
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Then seeing as how each 𝐴 ∩ 𝐵𝑖 is pairwise disjoint, we apply Theorem 2.3 (𝑃 [𝐴] = ∑𝑛
𝑖=1 𝑃 [𝐴𝑖]) to get

𝑃 [𝐴] = ∑𝑛
𝑖=1 𝑃 [𝐴 ∩ 𝐵𝑖].

Kolmogorov named this Satz über die vollständige Wahrscheinlichkeit (Theorem about the complete proba-
bility) in his original 1933 text with the subsequent English translation naming it as “The Theorem on Total
Probability”. Sometimes this is known as the “Law of Total Probability”, whereas other sources reserve that
label for a theorem that uses the definition of conditional probability. Let’s follow Kolmogorov and use
“complete probability” for this one and reserve “Law of Total Probability” for the theorem that relies on the
next topic to cover: conditional probability.

2.4 Conditional Probability

We use the notation 𝑃 [𝐴|𝐵] to indicate conditional probability. The conditional probability of event 𝐴 given
the occurrence of event 𝐵 is defined as:

𝑃 [𝐴|𝐵] = 𝑃 [𝐴𝐵]
𝑃 [𝐵] , 𝑃 [𝐵] > 0

The | symbol calls to mind the “such that” of set notation. An alternative notation is P𝐵(𝐴) to indicate the
conditional probability of event 𝐴 under the condition 𝐵.

As noted earlier, the notation 𝐴𝐵 means 𝐴 ∩ 𝐵.

Observe that this 𝑃 [𝐴|𝐵] was only defined when 𝑃 [𝐵] > 0. If 𝑃 [𝐵] > 0 it means 𝐵 never occurs, making it
illogical to discuss 𝑃 [𝐴|𝐵]. We only care about 𝑃 [𝐴|𝐵] when it is a valid probability measure, i.e., relative to
the sample space consisting of outcomes in 𝐵. Note also that 𝑃 [𝐴|𝐵] follows all three axioms of probability
provided 𝑃 [𝐵] > 0, e.g., 𝑃 [𝐴] ≥ 0 (Axiom 1) leads us to 𝑃 [𝐴|𝐵] ≥ 0.

One example of conditional probability to demonstrate. Consider the procedure that we draw one card
from the standard 52-card deck. Our sample space Ω = {𝐴♠, 2♠, 3♠, … , 𝐾♣}, which is to say the 52
possible 1-card draws from the 13 faces and four suits ♠, ♥, ♦, ♣. Let event 𝐴 = {𝐾♦} and event 𝐵 =
{ any card of the red suits }. We have 𝑃 [𝐴] = 1

52 and 𝑃 [𝐵] = 26
52 = 1

2 . We find 𝑃 [𝐴|𝐵] = 𝑃[𝐴𝐵]
𝑃[𝐵] =

1
52
1
2

= 1
26 .

Likewise, let 𝐶 = {𝐾♠}, then 𝑃 [𝐶|𝐵] = 𝑃[𝐶𝐵]
𝑃[𝐵] = 0

1
2

= 0.

Once we’ve introduced the definition of conditional probability we quickly find another version of Theorem
2.6 that often goes by the name The Law of Total Probability.
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Axiom 1
𝑃 [𝐴] ≥ 0

Axiom 3
Countable additivity

Theorem 2.1
𝑃 [∅] = 0

Theorem 2.2
Finite additivity

Theorem 2.3
Finite additivity (𝑛)

Theorem 2.6
Complete probability

Theorem 2.7
Law of total probability

Definition
Conditional probability

Figure 6: Law of total probability

Theorem 2.7. Law of total probability

For set 𝐵 that partitions the sample space Ω, i.e., Ω = ⋃𝑛
𝑖=1 𝐵𝑖 with 𝑃 [𝐵𝑖] > 0 for all 𝑖 and arbitrary

event 𝐴 ∈ ℱ:
𝑃 [𝐴] =

𝑛
∑
𝑖=1

𝑃 [𝐴|𝐵𝑖]𝑃 [𝐵𝑖]
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Proof.

𝑃 [𝐴|𝐵] = 𝑃 [𝐴𝐵]
𝑃 [𝐵]

𝑃 [𝐴|𝐵]𝑃 [𝐵] = 𝑃 [𝐴𝐵]
𝑃 [𝐵] 𝑃 [𝐵] multiply both sides by 𝑃 [𝐵]

𝑃 [𝐴|𝐵]𝑃 [𝐵] = 𝑃 [𝐴𝐵] 𝑃 [𝐵] cancellation
𝑛

∑
𝑖=1

𝑃 [𝐴|𝐵𝑖]𝑃 [𝐵𝑖] =
𝑛

∑
𝑖=1

𝑃 [𝐴 ∩ 𝐵𝑖] writing out the sums

= 𝑃[𝐴] Theorem 2.6

Next, we do a little algebra on the definition of conditional probability to get Bayes’ Theorem.

Theorem 2.8. Bayes’ Theorem

For 𝐴, 𝐵 ∈ ℱ when 𝑃 [𝐴] > 0 and 𝑃 [𝐵] > 0:

𝑃 [𝐵|𝐴] = 𝑃 [𝐴|𝐵]𝑃 [𝐵]
𝑃 [𝐴]

Proof. Starting with the definition of conditional probability:

𝑃 [𝐴|𝐵] = 𝑃 [𝐴𝐵]
𝑃 [𝐵] 𝑃 [𝐵] > 0

𝑃 [𝐴|𝐵]𝑃 [𝐵] = 𝑃 [𝐴𝐵]
𝑃 [𝐵] 𝑃 [𝐵] multiply both sides by 𝑃 [𝐵]

𝑃 [𝐴|𝐵]𝑃 [𝐵] = 𝑃 [𝐴𝐵] 𝑃 [𝐵] cancellation

Substituting into the definition of conditional probability:

𝑃 [𝐵|𝐴] = 𝑃 [𝐴𝐵]
𝑃 [𝐴] 𝑃 [𝐴] > 0

= 𝑃 [𝐴|𝐵]𝑃 [𝐵]
𝑃 [𝐴] 𝑃 [𝐴𝐵] = 𝑃 [𝐴|𝐵]𝑃 [𝐵]

This can be applicable for example when we want to reason about causes having observed effects, i.e., we
have 𝑃 [𝐴|𝐵] but want it in terms of 𝑃 [𝐵|𝐴].
If 𝑃 [𝐴|𝐵] = 𝑃 [𝐴] and 𝑃 [𝐵|𝐴] = 𝐵 then we see that 𝐴 and 𝐵 are not really dependent on each other, a
property defined as independence.

2.5 Independence

Events 𝐴 and 𝐵 are independent if and only if:

𝑃 [𝐴𝐵] = 𝑃 [𝐴]𝑃 [𝐵]

Independence and disjointedness are not the same. If 𝐴 and 𝐵 are disjoint, then 𝑃 [𝐴𝐵] = 0, whereas if 𝐴
and 𝐵 are independent 𝑃 [𝐴𝐵] = 𝑃 [𝐴]𝑃 [𝐵].
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Some authors will distinguish between “independence” and “mutual independence”, for example Kolmogorov
(gegenseitigen unabhängigkeit and gegenseitig unabhängig vs. just unabhängigkeit and unabhängig), but for
these notes we will always mean “mutual independence” when we write “independence”. The distinction is
necessary when we have more than one event. Three events 𝐴1, 𝐴2, 𝐴3 ∈ ℱ are independent if and only if:

1. 𝑃 [𝐴1 ∩ 𝐴2] = 𝑃 [𝐴1]𝑃 [𝐴2]
2. 𝑃 [𝐴1 ∩ 𝐴3] = 𝑃 [𝐴1]𝑃 [𝐴3]
3. 𝑃 [𝐴2 ∩ 𝐴3] = 𝑃 [𝐴2]𝑃 [𝐴3]
4. 𝑃 [𝐴1 ∩ 𝐴2 ∩ 𝐴3] = 𝑃 [𝐴1]𝑃 [𝐴2]𝑃 [𝐴3]

We can’t simply check 𝑃 [𝐴1 ∩ 𝐴2 ∩ 𝐴3] = 𝑃 [𝐴1]𝑃 [𝐴2]𝑃 [𝐴3] and be done with it. In other words, we need
“mutual independence”. Yates and Goodman give a good illustrative example. Say Ω = {1, 2, 3, 4} and
we have a uniform probability space where 𝑃 [𝜔] = 1

4 for all 𝜔 ∈ Ω. Are the events 𝐴1 = {1, 3, 4}, 𝐴2 =
{2, 3, 4}, 𝐴3 = ∅ independent?

• 𝑃 [𝐴1] = 𝑃 [{1, 3, 4}] = 3
4

• 𝑃 [𝐴2] = 𝑃 [{2, 3, 4}] = 3
4

• 𝑃 [𝐴3] = 𝑃 [∅] = 0
• 𝑃 [𝐴1]𝑃 [𝐴2]𝑃 [𝐴3] = ( 3

4 )( 3
4 )(0) = 0

• 𝑃 [𝐴1 ∩ 𝐴2 ∩ 𝐴3] = 𝑃 [{1, 3, 4} ∩ {2, 3, 4} ∩ ∅] = 𝑃 [∅] = 0
• therefore 𝑃 [𝐴1 ∩ 𝐴2 ∩ 𝐴3] = 𝑃 [𝐴1]𝑃 [𝐴2]𝑃 [𝐴3]
• but 𝑃 [𝐴1 ∩ 𝐴2] = 𝑃 [{1, 3, 4} ∩ {2, 3, 4}] = 𝑃 [{3, 4}] = 2

4 = 1
2

• and 𝑃 [𝐴1]𝑃 [𝐴2] = ( 3
4 )( 3

4 ) = 9
16

• so 𝑃 [𝐴1 ∩ 𝐴2] ≠ 𝑃 [𝐴1]𝑃 [𝐴2]

2.6 Worked Problems

Here’s a worked problem to illustrate. We’re working in our probability space (Ω, ℱ, 𝑃) and have two events
𝐸 and 𝐹 where:

𝑃 [𝐸] = 1
3, 𝑃 [𝐹 ] = 1

6
It is known that events 𝐸 and 𝐹 are disjoint. Find 𝑃 [𝐸 ∩ 𝐹] and 𝑃 [𝐸 ∪ 𝐹 ∁] and determine whether 𝐸 and
𝐹 are independent. First, 𝑃 [𝐸 ∩ 𝐹]:

𝐸 ∩ 𝐹 = ∅ ⟹ 𝑃[𝐸 ∩ 𝐹] = 0

Next, 𝑃 [𝐹 ∁]:

𝑃 [𝐹 ∁] = 1 − 𝑃 [𝐹 ] Theorem 2.4 𝑃 [𝐴∁] = 1 − 𝑃 [𝐴]

= 1 − 1
6

= 5
6

𝐸 ∩ 𝐹 = ∅
⟹ 𝐸 ⊆ 𝐹 ∁

⟹ 𝐸 ∪ 𝐹 ∁ = 𝐹 ∁

⟹ 𝑃[𝐸 ∪ 𝐹 ∁] = 𝑃 [𝐹 ∁] = 5
6

Lastly, are 𝐸 and 𝐹 independent? Suppose they are independent, then by definition 𝑃 [𝐸𝐹] = 𝑃 [𝐸]𝑃 [𝐹 ],
but 𝐸 ∩ 𝐹 = ∅ ⟹ 𝑃 [𝐸𝐹] = 0, and 𝑃 [𝐸]𝑃 [𝐹 ] = 1

3 ⋅ 1
6 ≠ 0, a contradiction. Therefore 𝐸 and 𝐹 are

not independent.
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3 Random Variables

Typically we want to assign numbers to outcomes of the sample space, and to that end we use what are
called random variables. Random variables are defined in the context of a probability space. A random
variable 𝑋 on a probability space (Ω, ℱ, 𝑃) is a function 𝑋 with domain Ω such that {𝜔 ∈ Ω ∣ 𝑋(𝜔) ≤ 𝑥} is
an event in ℱ for every 𝑥 ∈ ℝ (assuming we’re defining random variables to be real-valued).

It is common to define random variables to be real-valued, there being interest in computing averages and
other statistics, with some sources using “random variable” to mean real-valued random variable specifically.
Alternatives include integer-valued random variable (ℤ-valued), non-negative integer-valued (i.e., ℕ0-valued),
rational-valued (ℚ-valued), Boolean-valued, some kind of categorical-valued random variable, or anything
else measurable that made sense for the given application. So for instance, if we defined our random variable
to be ℕ0-valued, then instead of requiring that ∀𝑥 ∈ ℝ, {𝜔 ∈ Ω ∣ 𝑋(𝜔) ≤ 𝑥} ∈ ℱ we would instead require
that ∀𝑛 ∈ ℕ0, {𝜔 ∈ Ω ∣ 𝑋(𝜔) = 𝑛} ∈ ℱ.

The most common and broadly-applicable approach is to define the random variables as real-valued. For
instance, P. Billingsley in Probability and Measure defines a random variable as a real-valued function 𝑋 =
𝑋(𝜔). In these notes we will use real-valued random variables unless specifying otherwise.

So in the context of a probability space (Ω, ℱ, 𝑃) we define our random variable 𝑋 as some measurable
function 𝑋 ∶ Ω → ℝ, or perhaps we have random vectors and we’re mapping to ℝ𝑛. To say more about
random variables, let’s start with the case when the range of 𝑋 is finite or countably infinite: in this case
we would say 𝑋 is a discrete random variable.

3.1 Discrete Random Variables

A discrete real-valued random variable 𝑋 on a probability space (Ω, ℱ, 𝑃) is a function 𝑋 with domain
Ω and range a finite or countably infinite subset {𝑥1, 𝑥2, … } of the real numbers ℝ such that for 𝜔 ∈ Ω,
{𝜔 ∣ 𝑋(𝜔) = 𝑥𝑖} is an event for all 𝑖.
How do we make our random values ℝ-valued when our outcomes are not obviously numeric? For categorical
outcomes this may be facilitated by way of a mapping. For example, if our outcomes are letter grades, and
Ω = {A, A-, B+, B, … , F}, then one possible way to map each discrete 𝜔 to a real-valued random variable
is:

𝜔 𝑋(𝜔)
A 4.00
A- 3.67
B+ 3.33
B 3.00
… …
F 0.00

Another example: the Boolean values TRUE could be mapped to 1, FALSE to 0.

Recall that we have flexibility in defining our event space ℱ, so we can’t assume that ℱ contains all possible
subsets of Ω. However, here we’ve specified in our definition of discrete random variables the requirement
that for 𝜔 ∈ Ω, {𝜔 ∣ 𝑋(𝜔) = 𝑥𝑖} is an event for all 𝑖. Consequently, we can talk about the probability of
{𝜔 ∣ 𝑋(𝜔) = 𝑥𝑖} since by how we’ve defined random variables 𝐴 = {𝜔 ∣ 𝑋(𝜔) = 𝑥𝑖} is an event in ℱ and
thus gets a non-negative real value from our probability function 𝑃 [⋅].
Most authors use capital Latin characters such as 𝑋 for random variables and their corresponding lowercase
Latin letter for particular realized values. Thus we might see {𝑋 = 𝑥} = {𝜔 ∈ Ω ∣ 𝑋(𝜔) = 𝑥} or particular
values like {𝑋 = 0}.
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Some sources indicate the range of 𝑋 using Ω𝑋 while others use 𝒳. Let’s use Ω𝑋 here in these notes to
remind us of the linkage between domain Ω and function 𝑋.

𝜔
𝜔 𝜔

𝜔 𝜔 𝜔
𝜔 𝜔 𝜔 𝜔

𝜔 𝜔 𝜔 𝜔
𝜔 𝜔 𝜔

𝜔

Ω

Domain

𝑋(𝜔)
𝑋(𝜔)

𝑋(𝜔)
𝑋(𝜔) 𝑋(𝜔)

𝑋(𝜔)
𝑋(𝜔)

Ω𝑋

Range

𝑋 ∶ Ω → Ω𝑋

Figure 7: Random variable 𝑋 is a function from domain Ω to range Ω𝑋

So how exactly do we get a probability using 𝑃 [⋅] on discrete random variables? The first approach is to use
probability mass functions.

3.2 Probability Mass Function (PMF)

The probability mass function (PMF) of the discrete random variable 𝑋 is

𝑃𝑋(𝑥) = 𝑃 [𝑋 = 𝑥]

Note that {𝑋 = 𝑥} is an event consisting of all outcomes 𝜔 from our sample space Ω where 𝑋(𝜔) = 𝑥. For
any value 𝑥 in Ω𝑋, 𝑃𝑋(𝑥) is the probability of the event {𝑋 = 𝑥}. Consequently:

• 𝑃𝑋(𝑥) ≥ 0 for any 𝑥
• ∑𝑥∈Ω𝑋

𝑃𝑋(𝑥) = 1
• for event 𝐴 ⊆ Ω𝑋, 𝑃 [𝐴] = ∑𝑥∈𝐴 𝑃 [𝑋 = 𝑥]

Some authors refer to a probability mass function as a “discrete density function” and use the notation 𝑓𝑋,
but for these notes we will reserve 𝑓𝑋 for probability density functions, i.e., continuous density.

If desired, we could define the PMF 𝑃𝑋(⋅) more broadly so we spell out what happens if given an 𝑥 ∉ Ω𝑋.
For instance, if 𝑋 was set up to be a real-valued random variable, then when might define 𝑃𝑋 more robustly
as:

𝑃𝑋 ∶ ℝ → [0, 1], 𝑃𝑋(𝑥) = {𝑃[𝑋 = 𝑥], 𝑥 ∈ Ω𝑋
0, otherwise

In any case, Ω𝑋 is our “minimal domain”, so it’s fine if we think of things as shown in Figure 8.
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𝜔
𝜔 𝜔

𝜔 𝜔 𝜔
𝜔 𝜔 𝜔 𝜔

𝜔 𝜔 𝜔 𝜔
𝜔 𝜔 𝜔

𝜔

Ω

Domain of Random Variable 𝑋
each 𝜔 an outcome

𝑋(𝜔)
𝑋(𝜔)

𝑋(𝜔)
𝑋(𝜔) 𝑋(𝜔)

𝑋(𝜔)
𝑋(𝜔)

Ω𝑋

Range of Random Variable
Domain of PMF

𝑃𝑋(𝑥)

𝑃𝑋(𝑥)
𝑃𝑋(𝑥)

𝑃𝑋(𝑥)

Probability
𝑝 ∈ ℝ, 0 ≤ 𝑝 ≤ 1

Range of PMF
𝑥 = 𝑋(𝜔)

𝑋(⋅) 𝑃𝑋(⋅)

Figure 8: 𝑃𝑋(⋅) is a function from domain Ω𝑋 to range [0, 1]

So for example, the PMF for ℝ-valued random variable 𝑋 for the outcome of the roll of a fair six-sided die
would be:

𝑃𝑋(𝑥) = {
1
6 , 𝑥 ∈ {1, 2, 3, 4, 5, 6}
0, otherwise

Alternatively we could set up the outcome of a six-sided die as a categorical-valued random variable having
just the six categories { , , , , , }, but this would require us to create some kind of mapping function
if we wanted to compute averages or other statistics. Here since our sample space was Ω = { , , , , , }
it was arguably better to define our random variable to be ℝ-valued and use a transformation from Ω to Ω𝑋
such that 𝑋( ) = 1, 𝑋( ) = 2, etc.

Where we’re basically guaranteed to want to go the real-valued route is when we have continuous random
variables. To define continuous random variables we first have to define what we mean by cumulative
distribution function.

3.3 Cumulative Distribution Function (CDF)

The cumulative distribution function (CDF) of random variable 𝑋 is

𝐹𝑋(𝑥) = 𝑃 [𝑋 ≤ 𝑥]

So for instance, for our fair six-sided die roll we should find 𝐹𝑋(1) = 1
6 , 𝐹𝑋(2) = 1

3 , etc.

Some sources refer to cumulative distribution functions simply as “distribution functions”.

We immediately inherit multiple interesting properties since 𝐹𝑋(𝑥) describes the probability of an event.

• 𝐹𝑋(−∞) = 0
• 𝐹𝑋(∞) = 1
• 𝐹𝑋(⋅) is non-decreasing

Bringing in finite additivity we can find the probability of a random variable falling in a given interval.
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𝑃 [𝐴] ≥ 0
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Countable additivity

Theorem 2.1
𝑃 [∅] = 0
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CDF intervals

Definition
CDFs

Definition
Random variables

Figure 9: Probability of an interval from the CDF

Theorem 3.1. Probability of an interval from the CDF
For 𝑎 ≤ 𝑏:

𝐹𝑋(𝑏) − 𝐹𝑋(𝑎) = 𝑃 [𝑎 < 𝑋 ≤ 𝑏]

Proof. We observe that the event {𝑋 ≤ 𝑎} is contained in {𝑋 ≤ 𝑏}, which we can write as a disjoint union
of {𝑋 ≤ 𝑎} and {𝑎 < 𝑋 ≤ 𝑏}:

𝑃 [{𝑋 ≤ 𝑏}] = 𝑃 [{𝑋 ≤ 𝑎} ∪ {𝑎 < 𝑋 ≤ 𝑏}]
= 𝑃 [{𝑋 ≤ 𝑎}] + 𝑃 [{𝑎 < 𝑋 ≤ 𝑏}] Theorem 2.2

𝑃 [{𝑋 ≤ 𝑏}] − 𝑃 [{𝑋 ≤ 𝑎}] = 𝑃 [{𝑋 ≤ 𝑎}] − 𝑃 [{𝑋 ≤ 𝑎}] + 𝑃 [{𝑎 < 𝑋 ≤ 𝑏}]
𝑃 [{𝑋 ≤ 𝑏}] − 𝑃 [{𝑋 ≤ 𝑎}] = 𝑃 [{𝑎 < 𝑋 ≤ 𝑏}]

𝐹𝑋(𝑏) − 𝐹𝑋(𝑎) = 𝐹𝑋(𝑎 < 𝑋 ≤ 𝑏) definition of 𝐹𝑋(⋅)

Trying this out on our fair six-sided die roll, 𝑃 [1 < 𝑋 ≤ 3] = 𝐹𝑋(3) − 𝐹𝑋(1) = 1
2 − 1

6 = 1
3 , as required.

With CDFs defined we can finally define what we mean by continuous random variable.

3.4 Continuous Random Variables

A continuous random variable is a random variable where the CDF 𝐹𝑥(𝑥) is a continuous function.

For instance, the CDF for our fair six-sided die roll under real-valued random variable 𝑋 is:

𝐹𝑋(𝑥) =
⎧{
⎨{⎩

0, 𝑥 < 1
⌊𝑥⌋
6 , 1 ≤ 𝑥 ≤ 6
1, 𝑥 > 6
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The notation ⌊𝑥⌋ indicates the floor of 𝑥. Observe that this 𝐹𝑋(𝑥) is not continuous because we have
hops at each of the whole number values 1 … 6. Perhaps rather than writing “observe” without showing the
picture it’s best here to set up a side-by-side plot so we can literally observe the difference. First, let’s load
our fair die roll into an R data.frame.

dfFairDie <- data.frame(
x = 0:6,
xend = 1:7,
F = (0:6)/6

)

Then let’s pick something continuous to illustrate the distinction. An example of a continuous random
variable is when 𝑋 is an exponential random variable with parameter 𝜆 (where 𝜆 > 0):

𝐹𝑋(𝑥) = {1 − 𝑒−𝜆𝑥, 𝑥 ≥ 0
0, 𝑥 < 0

Let’s load that into another data.frame and load libraries for plotting the two items. We’ll use 𝜆 = 1.

library(ggplot2, quietly=TRUE)
library(patchwork, quietly=TRUE)

x <- seq(0, 6.5, length.out = 651)

dfExp <- data.frame(
x = x,
F = 1 - exp(-x) # i.e., lambda=1

)

Our leftmost plot: show 𝐹𝑋(𝑥) for the fair die roll. Let’s add open circles (the shape = 1 part) on right ends
to remind us that the intervals are open on that side as they jump up there and filled circles on the left ends
to remind us that the intervals are closed on that side.

# this will be our left plot
p1 <- ggplot(dfFairDie, aes(x=x, y=F, xend=xend)) +

geom_point(color = "steelblue") +
geom_segment(color = "steelblue", linewidth = 1.1) +
geom_point(aes(xend, F), shape = 1, color = "steelblue") +

labs(
x = expression(x),
y = expression(F[X](x)),
title = "Die Roll CDF",
subtitle = "(Discrete Random Variable)"

) +

coord_cartesian(
xlim = c(0, 6.5),
ylim = c(0, 1.1)

) +

# include y axis labels at 1/6 intervals
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scale_y_continuous(
breaks = (0:6)/6,
labels = parse(text = c(
"0",
"frac(1,6)",
"frac(1,3)",
"frac(1,2)",
"frac(2,3)",
"frac(5,6)",
"1"

))
) +

theme_minimal(base_size = 12)

Our rightmost plot: the exponential.

# right plot
p2 <- ggplot(dfExp, aes(x, F)) +

geom_line(color = "steelblue", linewidth = 1.1) +

labs(
x = expression(x),
y = expression(F[X](x)),
title = "Exponential CDF",
subtitle = "(Continuous Random Variable)"

) +

coord_cartesian(
xlim = c(0, 6.5),
ylim = c(0, 1.1)

) +

scale_y_continuous(
breaks = (0:6)/6,

) +

theme_minimal(base_size = 12) +

# we only need the left y-axis
theme(axis.text.y = element_blank(),

axis.ticks.y = element_blank(),
axis.title.y = element_blank())

We use | to tell patchwork we want the plots to be side-by-side (it would have been / to stack them top-to-
bottom).

# display
(p1 | p2) + plot_layout(guides = "collect")

Now we can directly observe the difference: the continuous random variable is smooth and uninterrupted on
our interval of interest [0, 6.5] (or if we wanted, on [0, ∞)). Our other random variable with the die roll is
not continuous as we have discontinuities at each of the whole numbers 1, 2, … , 6.
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Figure 10: CDFs of two Random Variables

Now that we’ve defined what we mean by continuous random variable we can define probability density
functions.

3.5 Probability Density Function (PDF)

The probability density function (PDF) of a continuous random variable 𝑋 is defined as the derivative of
the CDF 𝐹𝑋(𝑥) with respect to 𝑥:

𝑓𝑋(𝑥) = 𝑑𝐹𝑋(𝑥)
𝑑𝑥

Here we adopt the Leibniz-style notation where 𝑑
𝑑𝑥 indicates the derivative with respect to 𝑥.

Notice that we immediately get the following properties:

• since CDFs are non-decreasing, 𝑓𝑋(𝑥) ≥ 0 for all 𝑥
• 𝐹𝑋(𝑥) = ∫𝑥

−∞ 𝑓𝑋(𝑢)𝑑𝑢
• ∫∞

−∞ 𝑓𝑋(𝑥)𝑑𝑥 = 1

Now that we’ve defined both PMFs and PDFs we can do another side-by-side plot for our fair six-sided die
roll (PMF for a discrete random variable) versus our exponential (PDF for a continuous random variable).

First we add the probability for each die roll to that data.frame we set up earlier. As discussed above, our
PMF 𝑃𝑋(𝑥) is 1

6 for each outcome 1 … 6.

# possible faces are 1 through 6
faces <- 1:6

# P[X=x] is 1/n for each face (where n is however many faces), 0 otherwise
dfFairDie$P_X <- as.numeric(dfFairDie$x %in% faces) / sum(dfFairDie$x %in% faces)
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For our continuous random variable, we need to find the PDF—our starting place is the CDF.

When 𝑥 ≥ 0 and 𝜆 > 0:

𝑓𝑋(𝑥) = 𝑑
𝑑𝑥 [𝐹𝑋(𝑥)]

= 𝑑
𝑑𝑥 [1 − 𝑒−𝜆𝑥]

= 𝑑
𝑑𝑥 [1] − 𝑑

𝑑𝑥 [𝑒−𝜆𝑥] linearity of differentiation

= 0 − 𝑑
𝑑𝑥 [𝑒−𝜆𝑥] constant term rule

= 0 − −𝜆𝑒−𝜆𝑥 chain rule + exponential rule
= 𝜆𝑒−𝜆𝑥 − sign cancellation

Then if 𝑥 < 0 or 𝜆 ≤ 0 we have density 0. Put these two cases together and we define the PDF of the
exponential for any 𝑥 or 𝜆:

𝑓𝑋(𝑥) = {𝜆𝑒−𝜆𝑥, 𝑥 ≥ 0, 𝜆 > 0
0, otherwise

It’s a one-liner to add 𝑓𝑋(𝑥) to the data.frame, taking care to use the same parameter setting (𝜆 = 1) as
before.

# f_x(x) = exp(-x) for x >= 0 and lambda=1
dfExp$f <- exp(-dfExp$x)

As before, the die roll can go on the left. Let’s use closed circles (shape = 16) for the discrete values with
droplines to emphasize the discrete nature of 𝑃𝑋(𝑥).

# this will be our left plot
p1 <- ggplot(dfFairDie, aes(x=x, y=P_X)) +

geom_point(color = "steelblue", shape = 16) +
geom_segment(aes(xend = x, yend = 0),

color = "steelblue",
linewidth = 1.0) +

labs(
x = expression(x),
y = expression(P[X](x)),
title = "Die Roll PMF",
subtitle = "(Discrete Random Variable)"

) +

coord_cartesian(
xlim = c(0, 6.5),
ylim = c(0, 1.1)

) +

# include y axis labels at 1/6 intervals
scale_y_continuous(
breaks = (0:6)/6,
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labels = parse(text = c(
"0",
"frac(1,6)",
"frac(1,3)",
"frac(1,2)",
"frac(2,3)",
"frac(5,6)",
"1"

))
) +

theme_minimal(base_size = 12)

Our rightmost plot: the exponential.

# right plot
p2 <- ggplot(dfExp, aes(x, f)) +

geom_line(color = "steelblue", linewidth = 1.1) +

labs(
x = expression(x),
y = expression(f[X](x)),
title = "Exponential PDF",
subtitle = "(Continuous Random Variable)"

) +

coord_cartesian(
xlim = c(0, 6.5),
ylim = c(0, 1.1)

) +

scale_y_continuous(
breaks = (0:6)/6,

) +

theme_minimal(base_size = 12) +

# we only need the title on the left y-axis, no need to repeat the ticks
theme(axis.text.y = element_blank(),

axis.ticks.y = element_blank())

As before we use | to tell patchwork we want the plots to be side-by-side.

# display
(p1 | p2) + plot_layout(guides = "collect")

So we’ve defined random variables and three basic functions of random variables: PMFs, CDFs, and PDFs.
Now we can move on to the topic of expectation.
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Figure 11: PMF and PDF for two Random Variables

3.6 Expectation

The notation 𝐸[⋅] indicates expectation. Billingsley gives a nice definition of expectation in Probability and
Measure:

The expected value of a [real-valued] random variable X on (Ω, ℱ, 𝑃) is the integral of X with respect to the
measure P

𝐸[𝑋] = ∫ 𝑋 𝑑𝑃 = ∫
Ω

𝑋(𝜔) 𝑃 [𝑑𝜔]

Other sources may give the definition (equivalently) as ∫Ω 𝑋(𝜔) 𝑑𝑃 [𝜔].
Kolmogorov refers to this as mathematical expectation (mathematische Erwartung in the original German
in 1933). Arguably that’s a more descriptive term less susceptible to misunderstandings, but as most
subsequent sources use just “expectation” we will follow this convention in these notes.
Putting this elegant abstract definition from Probability and Measure to work we get the following specific
formulations for real-valued random variable 𝑋.

Discrete Continuous

𝐸[𝑋] = ∑
𝑥∈Ω𝑋

𝑥 𝑃𝑋(𝑥) 𝐸[𝑋] = ∫
∞

−∞
𝑥 𝑓𝑋(𝑥) 𝑑𝑥

Alternatives to the 𝐸[⋅] notation include 𝐸(𝑋), E[𝑋], 𝔼[𝑋], E(𝑥), enclosing the random variable in angle
brackets as in ⟨𝑋⟩, or just putting the 𝐸 right up next to the random variable as in 𝐸𝑋.
Expectation for some function of 𝑋 works the same way, e.g., if we wanted the expectation of 𝑋2 then it’s:

𝐸[𝑋2] = ∑
𝑥∈Ω𝑋

𝑥2 𝑃𝑋(𝑥) 𝐸[𝑋2] = ∫
∞

−∞
𝑥2 𝑓𝑋(𝑥) 𝑑𝑥
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Some sources refer to this property as the “expected value of a derived random variable”. Ross and some
other sources call this the “law of the unconscious statistician” (LoTUS). For discrete random variables the
“law” is:

Theorem 3.2. Discrete LoTUS
For PMF 𝑃𝑋 and function 𝑔 of real-valued random variable 𝑋 having possible outcomes Ω𝑋:

𝐸[𝑔(𝑋)] = ∑
𝑥∈Ω𝑋

𝑔(𝑥) 𝑃𝑋(𝑥)

Likewise we have a continuous version.

Theorem 3.3. Continuous LoTUS
For PDF 𝑓𝑋 and function 𝑔 of real-valued random variable 𝑋:

𝐸[𝑔(𝑋)] = ∫
∞

−∞
𝑔(𝑥) 𝑓𝑋(𝑥) 𝑑𝑥

Here’s a proof for the discrete case adapted from Yates and Goodman.

Proof. By the definition of expectation for a discrete random variable:

𝐸[𝑔(𝑋)] = 𝐸[𝑌 ] = ∑
𝑦∈Ω𝑌

𝑦 𝑃𝑌 (𝑦)

For any 𝑦 ∈ Ω𝑌 , the event {𝑌 = 𝑦} is equivalent to the event that 𝑔(𝑋) = 𝑦. Thus:

𝑃𝑌 (𝑦) = 𝑃 [𝑌 = 𝑦] = 𝑃 [𝑔(𝑋) = 𝑦]

If 𝑔 is not necessarily one-to-one, there may be multiple values of 𝑥 for which 𝑔(𝑥) = 𝑦. We’ll use the
”stack” notation 𝑥∈Ω𝑋

𝑔(𝑥)=𝑦 to indicate multiple conditions, in this case that 𝑥 ∈ Ω𝑋 (𝑥 is one of the possible
values of 𝑋) and 𝑔(𝑥) = 𝑦 (among the possible values, also require that they get mapped to 𝑦 by 𝑔), i.e.,
𝑥 ∈ {𝑥 ∈ Ω𝑥 ∣ 𝑔(𝑥) = 𝑦}. Therefore:

𝑃 [𝑔(𝑋) = 𝑦] = ∑
𝑥∈Ω𝑋
𝑔(𝑥)=𝑦

𝑃 [𝑋 = 𝑥] = ∑
𝑥∈Ω𝑋
𝑔(𝑥)=𝑦

𝑃𝑋(𝑥)

Substituting this into the expression for 𝐸[𝑌 ] gives

𝐸[𝑔(𝑋)] = ∑
𝑦∈Ω𝑌

𝑦 ∑
𝑥∈Ω𝑋
𝑔(𝑥)=𝑦

𝑃𝑋(𝑥)

= ∑
𝑦∈Ω𝑌

∑
𝑥∈Ω𝑋
𝑔(𝑥)=𝑦

𝑔(𝑥)𝑃𝑋(𝑥) 𝑦 = 𝑔(𝑥) for every 𝑥 in the inner sum

The sets {𝑥 ∈ Ω𝑋 ∶ 𝑔(𝑥) = 𝑦} and 𝑦 ∈ Ω𝑌 partition Ω𝑋, so every 𝑥 ∈ Ω𝑋 appears exactly once in the double
sum, yielding:

𝐸[𝑔(𝑋)] = ∑
𝑥∈Ω𝑋

𝑔(𝑥) 𝑃𝑋(𝑥).

So for discrete random variables, 𝐸[⋅] is the weighted average, i.e., the weighted arithmetic mean. We can
try that out on our fair six-sided die we set up earlier using the weighted.mean function of R. We ought to
get a value of 3.5.
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# E[X] ought to be be 3.5
weighted.mean(dfFairDie$x, dfFairDie$P)

## [1] 3.5

Next, for our continuous example (the exponential) we apply the the PDF we derived above, setting 𝜆 = 1.
The expectation of 𝑋 is over the full support [0, ∞), and if we use 𝑥 ≥ 0 and set 𝜆 = 1 we find 𝐸[𝑋] = 1 as
follows:

𝐸[𝑋] = ∫
∞

−∞
𝑥𝑓𝑋(𝑥) 𝑑𝑥

= ∫
∞

0
𝑥𝑒−𝑥 𝑑𝑥 our PDF when 𝜆 = 1

let 𝑢 = 𝑥, 𝑑𝑣 = 𝑒−𝑥𝑑𝑥
⟹ 𝑑𝑢 = 𝑑𝑥, 𝑣 = −𝑒−𝑥

∫
∞

0
𝑥𝑒−𝑥 𝑑𝑥 = [𝑢𝑣]∞0 − ∫

∞

0
𝑣 𝑑𝑢 ∫ 𝑢 𝑑𝑣 = 𝑢𝑣 − ∫ 𝑣 𝑑𝑢

= [−𝑥𝑒−𝑥]∞0 − ∫
∞

0
−𝑒−𝑥 𝑑𝑥 plugging in 𝑢, 𝑣, 𝑑𝑢

= [−𝑥𝑒−𝑥]∞0 + ∫
∞

0
𝑒−𝑥 𝑑𝑥 pull out the minus sign

= [−𝑥𝑒−𝑥]∞0 − [𝑒−𝑥]∞0
= [0 − 0] − [0 − 1]
= 1

We’re using the [𝑥]𝑏𝑎 notation above to indicate “evaluated from 𝑥 = 𝑎 to 𝑥 = 𝑏”.

Recognizing that [−𝑥𝑒−𝑥] evaluated at 𝑥 = ∞ equals 0 was necessary above, maybe that’s worth showing—
short story is exponential 𝑒𝑥 grows faster than 𝑥 (or any power of 𝑥), and we can apply L’Hôp once to see
how 𝑒−𝑥 dominates in the limit:

lim
𝑥→∞

𝑥𝑒−𝑥 = lim
𝑥→∞

𝑥
𝑒𝑥 𝑒−𝑥 = 1

𝑒𝑥

= lim
𝑥→∞

𝑑
𝑑𝑥 [𝑥]
𝑑

𝑑𝑥 [𝑒𝑥] L’Hôpital’s rule

= lim
𝑥→∞

1
𝑑

𝑑𝑥 [𝑒𝑥]
𝑑

𝑑𝑥 [𝑥] = 1

= lim
𝑥→∞

1
𝑒𝑥

𝑑
𝑑𝑥 [𝑒𝑥] = 𝑒𝑥

= 0

That demonstrates finding 𝐸[𝑋] over the full support. What if we are considering some narrower window?
This brings us to the topic of conditional expectation.
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3.7 Conditional Expectation

Under conditional expectation we are evaluating 𝐸[⋅] given some other event, so we need to normalize by
the probability of that conditioning event. One way to do this is to define conditional versions of our PMFs
and PDFs.

3.8 Conditional PMFs and PDFs

If event 𝐵 has positive probability (i.e., 𝑃 [𝐵] > 0), the conditional probability mass function of event
𝑋 given 𝐵 is:

𝑃𝑋|𝐵(𝑥) = 𝑃 [𝑋 = 𝑥|𝐵] = 𝑃 [{𝑋 = 𝑥} ∩ 𝐵]
𝑃 [𝐵] , 𝑃 [𝐵] > 0

We can write that as:

𝑃𝑋|𝐵(𝑥) = {
𝑃𝑋(𝑥)
𝑃 [𝐵] 𝑥 ∈ 𝐵

0 otherwise

Then our conditional expected value for the discrete random variable is defined using the conditional PMF
as:

𝐸[𝑋|𝐵] = ∑
𝑥∈𝐵

𝑥𝑃𝑋|𝐵(𝑥)

For the fair die roll case we set up earlier, if we conditioned on 𝐵 = {1, 2} then our 𝑃𝑋|𝐵(𝑥) is just 50/50
between 1 and 2, and 𝐸[𝑋|𝐵] comes out to 1.5.

What about for the continuous example, the exponential? Earlier we set up a data.frame for points on the
interval [0, 6.5]. Let’s use just that interval and find 𝐸[𝑋|0 ≤ 𝑋 ≤ 6.5], again where 𝜆 = 1. We’ve already
seen that 𝑃 [𝐴|𝐵] = 𝑃[𝐴𝐵]

𝑃[𝐵] , and similarly with conditional density we need to normalize by the probability
of the given event.

If event 𝐵 has positive probability (i.e., 𝑃 [𝐵] > 0), we have the conditional density of event 𝑋 given 𝐵 as:

𝑓𝑋(𝑥|𝐵) = {
𝑓𝑋(𝑥)
𝑃 [𝐵] , if 𝑥 ∈ 𝐵

0, otherwise

Here for 𝐸[𝑋|0 ≤ 𝑋 ≤ 6.5] let’s first find 𝑃 [0 ≤ 𝑋 ≤ 6.5] using the CDF we wrote down earlier. This will
be our denominator.

𝑃 [0 ≤ 𝑋 ≤ 6.5] = 𝐹𝑋(6.5) − 𝐹𝑋(0)
= 1 − 𝑒−𝜆6.5 − (1 − 𝑒−𝜆0)
= 1 − 𝑒−6.5 − (1 − 𝑒0) 𝜆 = 1
= 1 − 𝑒−6.5

= 1 − 𝑒−13/2
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Then the numerator, i.e., the unnormalized (and truncated at 𝑥 = 6.5) first moment:

∫
𝑥=6.5

𝑥=0
𝑥𝑓𝑋(𝑥) 𝑑𝑥 = ∫

6.5

0
𝑥𝑒−𝑥 𝑑𝑥 𝜆 = 1

let 𝑢 = 𝑥, 𝑑𝑣 = 𝑒−𝑥𝑑𝑥
⟹ 𝑑𝑢 = 𝑑𝑥, 𝑣 = −𝑒−𝑥

∫
6.5

0
𝑥𝑒−𝑥 𝑑𝑥 = [𝑢𝑣]6.5

0 − ∫
6.5

0
𝑣 𝑑𝑢 as before, integration by parts

= [−𝑥𝑒−𝑥]6.5
0 − ∫

6.5

0
−𝑒−𝑥 𝑑𝑥

= [−𝑥𝑒−𝑥]6.5
0 + ∫

6.5

0
𝑒−𝑥 𝑑𝑥

= [−𝑥𝑒−𝑥]6.5
0 − [𝑒−𝑥]6.5

0

= [𝑒−𝑥(−𝑥 − 1)]6.5
0 combining

= 𝑒−6.5(−6.5 − 1) − 𝑒0(−0 − 1)
= −7.5𝑒−6.5 − −1
= 1 − 7.5𝑒−6.5

= 1 − 15
2 𝑒−13/2

Assembling these we get:

𝐸[𝑋|0 ≤ 𝑋 ≤ 6.5] = 1 − 15
2 𝑒−13/2

1 − 𝑒−13/2

We should get something less that but pretty close to 1.

(1-(15/2)*exp(-13/2))/(1-exp(-13/2))

## [1] 0.9902129

The built-in numeric integration of R yields the same result.

integrate(function(x) x * exp(-x), lower = 0, upper = 6.5)$value/(1-exp(-13/2))

## [1] 0.9902129

Expectation is the first moment (“moment” in the mathematical sense). Two other statistics come from
the second moment: variance and standard deviation.

3.9 Variance and Standard Deviation

For a real-valued random variable 𝑋:

• the 𝑛th moment is 𝐸[𝑋𝑛]
• the 𝑛th central moment is 𝐸 [(𝑋 − 𝐸[𝑋])𝑛]
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Variance is the 2nd central moment and standard deviation follows from variance.

The variance of random variable 𝑋 is defined as:

Var[𝑋] = 𝐸 [(𝑋 − 𝐸[𝑋])2]

Sometimes variance is styled as �2(𝑋) (using lowercase Greek sigma), 𝑉 𝑎𝑟[𝑋], Var(𝑋), or just Var 𝑋.

For discrete random variable 𝑋, the definition means:

Var[𝑋] = ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) (𝑥 − 𝐸[𝑋])2

Whereas for continuous real-valued random variable 𝑌 that means:

Var[𝑌 ] = ∫
𝑦=∞

𝑦=−∞
𝑓𝑌 (𝑦) (𝑦 − 𝐸[𝑌 ])2 𝑑𝑦

The standard deviation of random variable 𝑋 is defined as:

𝜎𝑋 = √Var[𝑋]

Or alternatively, if we were starting from 𝜎𝑋:

Var[𝑋] = 𝜎2
𝑋

The choice of 𝜎 (lowercase Greek Sigma) for standard deviation is very common with the 𝜎 calling to mind
the initial “s” sound of “standard deviation”. For instance, K. Pearson uses 𝜎 (in a few places, a Latin capital
S) for what he calls “standard-deviation” in his 1893 work On the Mathematical Theory of Evolution.

There’s another way to find Var[𝑋] that can be more convenient:

Theorem 3.4. Var[𝑋] = 𝐸[𝑋2] − 𝐸[𝑋]2

Var[𝑋] = 𝐸[𝑋2] − (𝐸[𝑋])2

Proof. For discrete random variable 𝑋:

Var[𝑋] = ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) (𝑥 − 𝐸[𝑋])2 definition

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) (𝑥2 − 2𝑥 𝐸[𝑋] + (𝐸[𝑋])2) expand the square

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥)2𝑥 𝐸[𝑋] + ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥)(𝐸[𝑋])2 linearity

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥)2𝑥 𝐸[𝑋] + (𝐸[𝑋])2 ∑𝑥∈Ω𝑋
𝑃𝑋(𝑥) = 1

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − 2 ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥)𝑥 𝐸[𝑋] + (𝐸[𝑋])2 pull out the 2

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − 2𝐸[𝑋] 𝐸[𝑋] + (𝐸[𝑋])2 ∑𝑥∈Ω𝑋
𝑃𝑋(𝑥)𝑥 = 𝐸[𝑋]

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − 2(𝐸[𝑋])2 + (𝐸[𝑋])2

= ∑
𝑥∈Ω𝑋

𝑃𝑋(𝑥) 𝑥2 − (𝐸[𝑋])2 (𝐸[𝑋])2 cancellation

= 𝐸[𝑋2] − (𝐸[𝑋])2
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For continuous random variables we have a similar proof.

Proof. For continuous random variable 𝑋:

Var[𝑋] = ∫
𝑥=∞

𝑥=−∞
𝑓𝑋(𝑥) (𝑥 − 𝐸[𝑋])2 𝑑𝑥 definition

= ∫
∞

−∞
𝑓𝑋(𝑥) (𝑥2 − 2𝑥 𝐸[𝑋] + (𝐸[𝑋])2) 𝑑𝑥 expand the square

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − ∫

∞

−∞
𝑓𝑋(𝑥) 2𝑥 𝐸[𝑋] 𝑑𝑥 + ∫

∞

−∞
𝑓𝑋(𝑥) (𝐸[𝑋])2 𝑑𝑥 linearity

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − 2 ∫

∞

−∞
𝑓𝑋(𝑥) 𝑥 𝐸[𝑋] 𝑑𝑥 + ∫

∞

−∞
𝑓𝑋(𝑥) (𝐸[𝑋])2 𝑑𝑥 pull out the 2

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − 2 ⋅ 𝐸[𝑋] ⋅ 𝐸[𝑋] + ∫

∞

−∞
𝑓𝑋(𝑥) (𝐸[𝑋])2 𝑑𝑥 ∫∞

−∞ 𝑓𝑋(𝑥) 𝑥 = 𝐸[𝑋]

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − 2 ⋅ 𝐸[𝑋] ⋅ 𝐸[𝑋] + 1 ⋅ (𝐸[𝑋])2 ∫∞

−∞ 𝑓𝑋(𝑥) = 1

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − 2(𝐸[𝑋])2 + (𝐸[𝑋])2

= ∫
∞

−∞
𝑓𝑋(𝑥) 𝑥2 𝑑𝑥 − (𝐸[𝑋])2

= 𝐸[𝑋2] − (𝐸[𝑋])2

Looking back at our example random variables for the fair six-sided die roll and the exponential, both random
variables have distributions that belong to what some sources refer to as the “families of random variables”,
which is to say certain categories of distributions famous enough that get their own name, arguably the
most “famous” of which is the normal distribution. In the next section we collect the families together
alphabetically for quicker lookup later.

3.10 Families of Random Variables

The plots for the distribution of the random variable for the fair six-sided die were informative; let’s write
a little helper function to facilitate plotting the other discrete distributions. In R we can use an ellipsis for
a variable number of arguments, which for ggplot we can tack on at the end after putting into a list.

PlotPMF <- function(df,
title = "PMF",
subtitle = "(Discrete Random Variable)",
...) {

p <- ggplot(df, aes(x = x, y = P_X)) +

geom_point(color = "steelblue", shape = 16) +

geom_segment(
aes(xend = x, yend = 0),
color = "steelblue",
linewidth = 1.0

) +
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labs(
x = expression(x),
y = expression(P[X](x)),
title = title,
subtitle = subtitle

) +

theme_minimal(base_size = 12)

# add any var args to the end, e.g., coord_cartesian(xlim=c(0,1),ylim=c(0,1))
p + list(...)

}

Similarly for plotting discrete CDFs.

PlotDiscreteCDF <- function(df,
title = "CDF",
subtitle = "(Discrete Random Variable)",
...) {

# automatically add the xend; for last one use diff between prior
df$xend <- c(df$x[-1], tail(df$x, 1) + diff(tail(df$x, 2)))

p <- ggplot(df, aes(x = x, y = F, xend = xend)) +

# horizontal step
geom_segment(
color = "steelblue",
linewidth = 1.1

) +

# closed left endpoint
geom_point(
color = "steelblue",
shape = 16

) +

# open right endpoint
geom_point(
aes(x = xend, y = F),
color = "steelblue",
shape = 1

) +

labs(
x = expression(x),
y = expression(F[X](x)),
title = title,
subtitle = subtitle

) +

theme_minimal(base_size = 12)
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# add any var args to the end
p + list(...)

}

Now for each discrete distribution family of interest we can plot a PMF and CDF.

3.10.1 Bernoulli (Discrete)

Alphabetically our first family of distributions, the Bernoulli distribution is a particularly simple one.

For 0 ≤ 𝑝 ≤ 1:

Bernoulli

𝑃𝑋(𝑥) =
⎧{
⎨{⎩

1 − 𝑝 𝑥 = 0
𝑝 𝑥 = 1
0 otherwise

𝐸[𝑋] = 𝑝
Var[𝑋] = 𝑝(1 − 𝑝)

It’s so basic that R doesn’t even bother with a separate function; instead we treat it as a 1-trial case of the
binomial distribution. With Bernoulli we have one trial with outcome success or failure, often coded as 1 or
TRUE for success and 0 or FALSE for failure.

To plot the PMF and CDF, first we set up the data using the R built-ins dbinom and pbinom.

dfBernoulli <- data.frame(
x = 0:1,
P_X = dbinom(0:1, size = 1, prob = 0.5),
F = pbinom(0:1, size = 1, prob = 0.5)

)

For our Bernoulli plots we want the same limits and labels—we can put those in a list.

listPlotSettingsBernoulli <- list(
coord_cartesian(
xlim = c(-0.1, 1.1),
ylim = c(0, 1.05)

),
scale_y_continuous(
breaks = (0:2)/2,
labels = parse(text = c("0", "frac(1,2)", "1"))

),
scale_x_continuous(
breaks = c(0, 1),
labels = c("0", "1")

)
)

For the left plot we want the PMF.
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p1 <- PlotPMF(dfBernoulli,
title = "Bernoulli PMF",
subtitle = expression(p==frac(1,2)),
listPlotSettingsBernoulli

)

The right plot will be the CDF; here we suppress repeating the y-axis text and ticks as we’re keeping the
same axis.

p2 <- PlotDiscreteCDF(dfBernoulli,
title = "Bernoulli CDF",
subtitle = expression(p==frac(1,2)),
listPlotSettingsBernoulli,
theme(axis.text.y = element_blank(),

axis.ticks.y = element_blank())
)

As before, the | tells patchwork we want the plots to be side-by-side.

# display
(p1 | p2) + plot_layout(guides = "collect")
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The Bernoulli distribution is named for Jacob Bernoulli.

3.10.2 Beta (Continuous)

For 𝑖, 𝑗 ∈ ℤ+ the beta function is defined as:

𝛽(𝑖, 𝑗) = (𝑖 + 𝑗 − 1)!
(𝑖 − 1)!(𝑗 − 1)!

Where ! is the symbol for factorial. Then for a 𝛽(𝑖, 𝑗) random variable 𝑋 we have:
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Beta

𝑓𝑋(𝑥) = {𝛽(𝑖, 𝑗) 𝑥𝑖−1 (1 − 𝑥)𝑗−1 0 < 𝑥 < 1
0 otherwise

𝐸[𝑋] = 𝑖
𝑖 + 𝑗

Var[𝑋] = 𝑖 𝑗
(𝑖 + 𝑗)2 (𝑖 + 𝑗 + 1)

3.10.3 Binomial (Discrete)

For 𝑛 ∈ ℤ+, 𝑥 ∈ {0, 1, … , 𝑛} and 0 ≤ 𝑝 ≤ 1:

Binomial

𝑃𝑋(𝑥) = (𝑛
𝑥)𝑝𝑥(1 − 𝑝)𝑛−𝑥

𝐸[𝑋] = 𝑛𝑝
Var[𝑋] = 𝑛𝑝(1 − 𝑝)

The (𝑛
𝑥) notation indicates “𝑛 choose 𝑥”.

To plot the PMF and CDF, first we set up the data using the R built-ins dbinom and pbinom.

dfBinomial <- data.frame(
x = 0:9,
P_X = dbinom(0:9, size = 9, prob = 0.5),
F = pbinom(0:9, size = 9, prob = 0.5)

)

No need to print out necessary plotting code.
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With a Binomial distribution we have some number 𝑛 of trials, each with outcome success (at probability
𝑝) or failure (at probability 1 − 𝑝).
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3.10.4 Cauchy (Continuous)

For scale 𝛾 > 0 (lowercase Greek gamma), 𝑥 ∈ ℝ, and location −∞ < 𝑥0 < ∞:

Cauchy

𝑓𝑋(𝑥) = 1
𝜋𝛾 [1 + ( 𝑥−𝑥0

𝛾 )2]

= 1
𝜋

𝛾
𝛾2 + (𝑥 − 𝑥0)2

𝐸[𝑋] = undefined
Var[𝑋] = undefined

3.10.5 Discrete Uniform (Discrete)

For 𝑎, 𝑏 ∈ ℤ with 𝑎 ≤ 𝑏:

Discrete Uniform

𝑃𝑋(𝑥) = {
1

𝑏−𝑎+1 𝑥 ∈ {𝑎, 𝑎 + 1, … , 𝑏}
0 otherwise

𝐸[𝑋] = 𝑎 + 𝑏
2

Var[𝑋] = (𝑏 − 𝑎 + 1)2 − 1
12

= (𝑏 − 𝑎)(𝑏 − 𝑎 + 2)
12

We visualized this one already with the fair six-sided die.
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Where do we get that 12 in the denominator of the variance? Let 𝑛 = 𝑏 − 𝑎 + 1. Shifting a random variable

36



does not change its variance, so define 𝑌 = 𝑋 − 𝑎 + 1. Now Our expectation of discrete uniform random
variable 𝑌 is:

𝐸[𝑌 ] = 1
𝑛

𝑛
∑
𝑘=1

𝑘 = 1
𝑛

𝑛(𝑛 + 1)
2 = 𝑛 + 1

2 ,

and the expected value of 𝑌 2 is:

𝐸[𝑌 2] = 1
𝑛

𝑛
∑
𝑘=1

𝑘2 = 1
𝑛

𝑛(𝑛 + 1)(2𝑛 + 1)
6 = (𝑛 + 1)(2𝑛 + 1)

6 .

Now we can apply Theorem 3.4.

Var[𝑌 ] = 𝐸[𝑌 2] − (𝐸[𝑌 ])2 Theorem 3.4

= (𝑛 + 1)(2𝑛 + 1)
6 − (𝑛 + 1

2 )
2

= 2(𝑛 + 1)(2𝑛 + 1)
2 ⋅ 6 − 3(𝑛 + 1)2

3 ⋅ 22

= 2(𝑛 + 1)(2𝑛 + 1) − 3(𝑛 + 1)2

12 combining

= (𝑛 + 1) [2(2𝑛 + 1) − 3(𝑛 + 1)]
12 factor out (𝑛 + 1)

= (𝑛 + 1)(4𝑛 + 2 − 3𝑛 − 3)
12

= (𝑛 + 1)(𝑛 − 1)
12

= 𝑛2 − 1
12 .

We set 𝑌 = 𝑋 − 𝑎 + 1, so Var[𝑋] = Var[𝑌 ], and we have:

Var[𝑋] = 𝑛2 − 1
12

Substituting 𝑛 = 𝑏 − 𝑎 + 1,

Var[𝑋] = (𝑏 − 𝑎 + 1)2 − 1
12

= ((𝑏 − 𝑎) + 1)2 − 12

12 recognize a difference of squares

= ((𝑏 − 𝑎) + 1 − 1)((𝑏 − 𝑎) + 1 + 1)
12 𝑢2 − 𝑣2 = (𝑢 − 𝑣)(𝑢 + 𝑣)

= (𝑏 − 𝑎)(𝑏 − 𝑎 + 2)
12

3.10.6 Erlang (Continuous)

For 𝑘 ∈ ℤ+ and 𝜆 > 0:
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Erlang

𝑓𝑋(𝑥) = {
𝜆𝑘𝑥𝑘−1𝑒−𝜆𝑥

(𝑘−1)! 𝑥 > 0
0 otherwise

𝐸[𝑋] = 𝑘
𝜆

Var[𝑋] = 𝑘
𝜆2

3.10.7 Exponential (Continuous)

For 𝜆 > 0:

Exponential

𝑓𝑋(𝑥) = {𝜆𝑒−𝜆𝑥 𝑥 ≥ 0
0 otherwise

𝐸[𝑋] = 1
𝜆

Var[𝑋] = 1
𝜆2

3.10.8 Gamma (Continuous)

For shape parameter 𝛼 > 0 and rate parameter 𝛽 > 0

Gamma

𝑓𝑋(𝑥) = {
𝛽𝛼

Γ(𝛼) 𝑥𝛼−1𝑒−𝛽𝑥 𝑥 ≥ 0
0 otherwise

𝐸[𝑋] = 𝛼
𝛽

Var[𝑋] = 𝛼
𝛽2

3.10.9 Gaussian (Continuous)

For mean 𝜇 ∈ ℝ (lowercase Greek mu) and standard deviation 𝜎 > 0 (lowercase Greek sigma):

Gaussian

𝑓𝑋(𝑥) = 1
𝜎

√
2𝜋 𝑒− (𝑥−𝜇)2

2𝜎2

𝐸[𝑋] = 𝜇
Var[𝑋] = 𝜎2

3.10.10 Geometric (Discrete)

For 0 < 𝑝 ≤ 1:
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Geometric

𝑃𝑋(𝑥) = {𝑝 (1 − 𝑝)𝑥−1 𝑥 = 1, 2, …
0 otherwise

𝐸[𝑋] = 1
𝑝

Var[𝑋] = 1 − 𝑝
𝑝2

3.10.11 Laplace (Continuous)

For location (mean) 𝜇 ∈ ℝ and scale 𝑏 > 0:

Laplace

𝑓𝑋(𝑥) = 1
2𝑏𝑒− |𝑥−𝜇|

𝑏

𝐸[𝑋] = 𝜇
Var[𝑋] = 2𝑏2

3.10.12 Multinomial (Discrete)

For 𝑛 ∈ ℤ+ and 𝑝1, … , 𝑝𝑘 ≥ 0 such that ∑𝑘
𝑖=1 𝑝𝑖 = 1:

Multinomial

𝑃𝑋(𝑥1, … , 𝑥𝑘) = {
𝑛!

𝑥1!⋯𝑥𝑘! 𝑝
𝑥1
1 ⋯ 𝑝𝑥𝑘

𝑘 ∑𝑘
𝑖=1 𝑥𝑖 = 𝑛

0 otherwise
𝐸[𝑋𝑖] = 𝑛𝑝𝑖

Var[𝑋𝑖] = 𝑛𝑝𝑖(1 − 𝑝𝑖)

So in other words, each 𝑋𝑖 has an 𝐸[𝑋𝑖]. The complete 𝐸[𝑋] would be a vector:

𝐸[𝑋] =
⎡
⎢⎢
⎣

𝐸[𝑋1]
𝐸[𝑋2]

⋮
𝐸[𝑋𝑘]

⎤
⎥⎥
⎦

Likewise, each 𝑋𝑖 has a Var[𝑋𝑖].

3.10.13 Poisson (Discrete)

For rate 𝜆 ∈ ℝ+:

Poisson

𝑃𝑋(𝑥) = {
𝑒−𝜆𝜆𝑥

𝑥! 𝑥 = 0, 1, 2, …
0 otherwise

𝐸[𝑋] = 𝜆
Var[𝑋] = 𝜆
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The parameter 𝜆 represents the average number of events occurring in a fixed interval. Alternatively we can
parameterize it with average rate 𝑟 and time interval 𝑇 = 𝑡1 − 𝑡0 so that 𝜆 = 𝑟𝑇 .
Poisson processes are “memoryless”, i.e,. no matter how long we have waited for an arrival, the remaining
time until the arrival remains an exponential 𝜆 random variable.
To plot the PMF and CDF, first we set up the data using the R built-ins dpois and ppois. Let’s choose to
set 𝜆 = 4.

dfPoisson <- data.frame(
x = 0:9,
P_X = dpois(0:9, lambda = 4),
F = ppois(0:9, lambda = 4)

)

Plotting is the same as the other discrete distributions (not repeating the code here).
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Figure 12: PMF and CDF for Poisson-distributed Random Variable

With a Poisson distribution the random variable 𝑋 counts the number of events occurring in a fixed interval.

3.10.14 Uniform (Continuous)

For 𝑎, 𝑏 ∈ ℝ with 𝑎 ≤ 𝑏:

Discrete Uniform

𝑃𝑋(𝑥) = {
1

𝑏−𝑎+1 𝑎 ≤ 𝑥 ≤ 𝑏
0 otherwise

𝐸[𝑋] = 𝑎 + 𝑏
2

Var[𝑋] = (𝑏 − 𝑎)2

12
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4 Multiple Random Variables

As mentioned earlier, > in the context of a probability space (Ω, ℱ, 𝑃) we define our random variable 𝑋 as
some measurable function 𝑋 ∶ Ω → ℝ, or perhaps we have random vectors and we’re mapping to ℝ𝑛.
When we have 𝑋 ∶ Ω → ℝ the random variable is said to be univariate, whereas an 𝑛-dimensional random
vector is some measurable function 𝑋 ∶ Ω → ℝ𝑛. A common scenario is when 𝑛 = 2, in which case we have
a bivariate random vector. More generally we can say that we have a multivariate random vector.

4.1 Definitions and Notation

The joint cumulative distribution function of random variables 𝑋 and 𝑌 is:

𝐹𝑋,𝑌 (𝑥, 𝑦) = 𝑃 [𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦]
More generally, the joint cumulative distribution function for an 𝑛-dimensional random vector
𝑋 = {𝑋1, … , 𝑋𝑛} is:

𝐹𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) = 𝑃 [𝑋1 ≤ 𝑥1, … , 𝑋𝑛 ≤ 𝑥𝑛]

If we’re working with a discrete random vector we define a joint probability mass function as:

𝑃𝑋,𝑌 (𝑥, 𝑦) = 𝑃 [𝑋 = 𝑥, 𝑌 = 𝑦]
or more generally as:

𝑃𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) = 𝑃 [𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛]

Each set {𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛} is an event, and we might name our joint range Ω𝑋1,…,𝑋𝑛
.

For continuous multivariate random variables we define a joint probability density function as:

𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝜕2𝐹𝑋,𝑌 (𝑥, 𝑦)
𝜕𝑥 𝜕𝑦

or more generally as:

𝑓𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) =

𝜕𝑛𝐹𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛)

𝜕𝑥1 ⋯ 𝜕𝑥𝑛

The 𝜕𝑛
𝜕𝑥 𝜕𝑦 is Leibniz-style notation for second order mixed partial derivatives, i.e., 𝜕

𝜕𝑥 ( 𝜕
𝜕𝑦 ).

The 𝑋1, … , 𝑋𝑛 notation is a little tiresome. Let’s permit bold letters to represent vectors so that for instance
𝑛-dimensional random vector X is:

X =
⎡
⎢⎢
⎣

𝑋1
𝑋2
⋮

𝑋𝑛

⎤
⎥⎥
⎦

Then we have:

• 𝑋 and 𝑋𝑖 are random variables
• 𝑥 and 𝑥𝑖 are realizations/values
• X is a random vector
• x is a realization of a random vector

Now we can express the multivariate functions more concisely as:

𝐹X(x) = 𝐹𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) CDF of random vector X

𝑃X(x) = 𝑃𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) PMF of discrete random vector X

𝑓X(x) = 𝑓𝑋1,…,𝑋𝑛
(𝑥1, … , 𝑥𝑛) PDF of continuous random vector X
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Furthermore, let’s write more compactly as X = [𝑋1 𝑋2 … 𝑋𝑛]T where T is the transpose operator.
We can also extend this to pairs of random vectors. So if 𝑋 has 𝑛 components and 𝑌 has 𝑚 components we
get:

𝐹X,Y(x, y) = 𝐹𝑋1,…,𝑋𝑛,𝑌1,…,𝑌𝑚
(𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚) joint CDF of random vectors X, Y

𝑃X,Y(x, y) = 𝑃𝑋1,…,𝑋𝑛,𝑌1,…,𝑌𝑚
(𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚) joint PMF of discrete random vectors X, Y

𝑓X,Y(x, y) = 𝑓𝑋1,…,𝑋𝑛,𝑌1,…,𝑌𝑚
(𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚) joint PDF of continuous random vectors X, Y

For expectation, just as lowercase Greek Mu (𝜇) is often used to evoke the “m” in “mean”, 𝜇X is often chosen
to name the column vector having expected values of an 𝑚 × 𝑛 matrix X of random vectors 𝑋1 … 𝑋𝑛:

𝐸[X] = 𝜇X =
⎡
⎢⎢
⎣

𝐸[𝑋1]
𝐸[𝑋2]

⋮
𝐸[𝑋𝑛]

⎤
⎥⎥
⎦

= [𝐸[𝑋1] 𝐸[𝑋2] … 𝐸[𝑋𝑛]]T

The correlation of X—called the autocorrelation matrix, the correlation matrix, or the second moment
matrix—is the symmetric matrix where each 𝑖, 𝑗 element is the expected value of 𝑋𝑖𝑋𝑗.

𝑅X = 𝐸[XXT] =
⎡
⎢⎢
⎣

𝐸[𝑋1𝑋1] 𝐸[𝑋1𝑋2] ⋯ 𝐸[𝑋1𝑋𝑛]
𝐸[𝑋2𝑋1] 𝐸[𝑋2𝑋2] ⋯ 𝐸[𝑋2𝑋𝑛]

⋮ ⋮ ⋱ ⋮
𝐸[𝑋𝑛𝑋1] 𝐸[𝑋𝑛𝑋2] ⋯ 𝐸[𝑋𝑛𝑋𝑛]

⎤
⎥⎥
⎦

Here the choice of capital R can bring to mind the use of r or 𝜌 (lowercase Greek Rho) for the Pearson
correlation coefficient.
From 𝜇X and 𝑅X we construct the covariance matrix 𝐶X (sometimes named 𝐾X).

𝐶X = 𝐸[(X − 𝜇X)(X − 𝜇X)T] = 𝑅X − 𝜇X𝜇T
X

The choice of “C” or “K” can remind us of the hard C sound in “Covariance matrix” (in German, the literal
K of Kovarianzmatrix). The matrix looks like this:

𝐶X =
⎡
⎢⎢
⎣

Cov[𝑋1𝑋1] Cov[𝑋1𝑋2] ⋯ Cov[𝑋1𝑋𝑛]
Cov[𝑋2𝑋1] Cov[𝑋2𝑋2] ⋯ Cov[𝑋2𝑋𝑛]

⋮ ⋮ ⋱ ⋮
Cov[𝑋𝑛𝑋1] Cov[𝑋𝑛𝑋2] ⋯ Cov[𝑋𝑛𝑋𝑛]

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

Var[𝑋1] Cov[𝑋1𝑋2] ⋯ Cov[𝑋1𝑋𝑛]
Cov[𝑋2𝑋1] Var[𝑋2] ⋯ Cov[𝑋2𝑋𝑛]

⋮ ⋮ ⋱ ⋮
Cov[𝑋𝑛𝑋1] Cov[𝑋𝑛𝑋2] ⋯ Var[𝑋𝑛]

⎤
⎥⎥
⎦

The covariance matrix is symmetric and positive semi-definite.
From using 𝑅X for autocorrelation it’s a natural extension to use 𝑅XY for the cross-correlation between X
and Y and 𝐶XY for the cross-covariance between X and Y.

One last notation addition: before we used [𝑥]𝑏𝑎 notation above to indicate “evaluated from 𝑥 = 𝑎 to 𝑥 = 𝑏”,
but as we have many brackets in play with multivariate random variables, let’s use right vertical bars so that
𝑥∣

𝑏

𝑎
indicates “evaluated from 𝑥 = 𝑎 to 𝑥 = 𝑏”.

4.2 Worked Problems

Let’s take a tour through that notation by working some problems. Suppose we have a three-dimensional
random vector X = [𝑋1 𝑋2 𝑋3]T having PDF:

𝑓X(x) = {6 0 ≤ 𝑥1 ≤ 𝑥2 ≤ 𝑥3 ≤ 1
0 otherwise
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What is our expected value vector 𝐸[X]?
One thing to check is whether this is already normalized, i.e., the total probability is already unity.

∫
ℝ3

𝑓X(x)𝑑x = ∫
1

𝑥3=0
∫

1

𝑥2=0
∫

1

𝑥1=0
6 𝑑𝑥1 𝑑𝑥2 𝑑𝑥3

= ∫
1

𝑥3=0
∫

1

𝑥2=0
6𝑥2 𝑑𝑥2 𝑑𝑥3

= ∫
1

𝑥3=0
6 ⋅ 1

2 ⋅ 𝑥2
3 𝑑𝑥3

= 6 ⋅ 1
2 ⋅ 1

3 ⋅ 𝑥3
3∣

𝑥3=1

𝑥3=0
= 1

That checks out. Next, since we’re looking to build 𝐸[X] = [𝐸[𝑋1] 𝐸[𝑋2] 𝐸[𝑋3]]T perhaps a good
approach is to roll up the 𝑓X(x) to get the three joint PDFs 𝑓𝑋1,𝑋2

, 𝑓𝑋2,𝑋3
, 𝑓𝑋1,𝑋3

, then roll those up to
get the three univariate PDFs 𝑓𝑋1

, 𝑓𝑋2
, 𝑓𝑋3

, taking care to keep track of the bounds.

First:
𝑓𝑋1,𝑋2

(𝑥1, 𝑥2) = ∫
∞

−∞
𝑓X(x) 𝑑𝑥3 = ∫

1

𝑥2

6 𝑑𝑥3 = 6𝑥3∣
𝑥3=1

𝑥3=𝑥2
= 6(1 − 𝑥2)

Being careful with the bounds we get a new PDF:

𝑓𝑋1,𝑋2
(𝑥1, 𝑥2) = {6(1 − 𝑥2) 0 ≤ 𝑥1 ≤ 𝑥2 ≤ 1

0 otherwise

A second round of marginalization:

𝑓𝑋1
(𝑥1) = ∫

∞

−∞
𝑓𝑋1,𝑋2

(𝑥1, 𝑥2) 𝑑𝑥2 = ∫
1

𝑥1

6(1 − 𝑥2) 𝑑𝑥2 = −3(1 − 𝑥2)2∣
𝑥2=1

𝑥2=𝑥1
= 0 − ( − 3(1 − 𝑥1)2) = 3(1 − 𝑥1)2

Now we get:

𝑓𝑋1
(𝑥1) = {3(1 − 𝑥1)2 0 ≤ 𝑥1 ≤ 1

0 otherwise
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Then for 𝐸[𝑋1] integrate:

𝐸[𝑋1] = ∫
∞

−∞
𝑥1𝑓𝑋1

(𝑥1) 𝑑𝑥1

= ∫
1

0
𝑥1 3(1 − 𝑥1)2 𝑑𝑥1

= 3 ∫
1

0
𝑥1(1 − 𝑥1)2 𝑑𝑥1

= 3 ∫
1

0
(𝑥1 − 2𝑥2

1 + 𝑥3
1) 𝑑𝑥1

= 3 (1
2𝑥2

1 − 2
3𝑥3

1 + 1
4𝑥4

1) ∣
𝑥1=1

𝑥1=0

= 3 (1
2 − 2

3 + 1
4)

= 3 ( 6
12 − 8

12 + 3
12)

= 3 ( 1
12)

= 1
4

That’s one down. Next, let’s marginalize to get 𝑓𝑋2,𝑋3
(𝑥2, 𝑥3) and again to get 𝑓𝑋2

(𝑥2).

𝑓𝑋2,𝑋3
(𝑥2, 𝑥3) = ∫

∞

−∞
𝑓X(x) 𝑑𝑥1 = ∫

𝑥2

0
6 𝑑𝑥1 = 6𝑥1∣

𝑥1=𝑥2

𝑥1=0
= 6𝑥2

Being careful with the bounds we get a new PDF:

𝑓𝑋2,𝑋3
(𝑥2, 𝑥3) = {6𝑥2 0 ≤ 𝑥2 ≤ 𝑥3 ≤ 1

0 otherwise

Rolling up:

𝑓𝑋2
(𝑥2) = ∫

∞

−∞
𝑓𝑋2,𝑋3

(𝑥2, 𝑥3) 𝑑𝑥3 = ∫
1

𝑥2

6𝑥2 𝑑𝑥3 = 6𝑥2𝑥3∣
𝑥3=1

𝑥3=𝑥2
= 6𝑥2 − 6𝑥2

2 = 6𝑥2(1 − 𝑥2)

Now we get:

𝑓𝑋2
(𝑥2) = {6𝑥2(1 − 𝑥2) 0 ≤ 𝑥2 ≤ 1

0 otherwise
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Then for 𝐸[𝑋2] integrate:

𝐸[𝑋2] = ∫
∞

−∞
𝑥2𝑓𝑋2

(𝑥2) 𝑑𝑥2

= ∫
1

0
𝑥2(6𝑥2 − 6𝑥2

2) 𝑑𝑥2

= 6 ∫
1

0
(𝑥2

2 − 𝑥3
2) 𝑑𝑥2

= (6
3𝑥3

2 − 6
4𝑥4

2) ∣
𝑥2=1

𝑥2=0

= 6
3 − 6

4
= 2 − 3

2
= 1

2
That’s two down. Finally, we marginalize to get 𝑓𝑋1,𝑋3

(𝑥1, 𝑥3) and again to get 𝑓𝑋3
(𝑥3).

𝑓𝑋1,𝑋3
(𝑥1, 𝑥3) = ∫

∞

−∞
𝑓X(x) 𝑑𝑥2 = ∫

𝑥3

𝑥1

6 𝑑𝑥2 = 6𝑥2∣
𝑥2=𝑥3

𝑥2=𝑥1
= 6(𝑥3 − 𝑥1)

Being careful with the bounds we get a new PDF:

𝑓𝑋1,𝑋3
(𝑥1, 𝑥3) = {6(𝑥3 − 𝑥1) 0 ≤ 𝑥1 ≤ 𝑥3 ≤ 1

0 otherwise

Rolling up:

𝑓𝑋3
(𝑥3) = ∫

∞

−∞
𝑓𝑋1,𝑋3

(𝑥1, 𝑥3) 𝑑𝑥1 = ∫
𝑥3

0
6(𝑥3 − 𝑥1) 𝑑𝑥1

= (6𝑥3𝑥1 − 3𝑥2
1)∣

𝑥1=𝑥3

𝑥1=0
= 6𝑥2

3 − 3𝑥2
3 = 3𝑥2

3

Now we get:

𝑓𝑋3
(𝑥3) = {3𝑥2

3 0 ≤ 𝑥3 ≤ 1
0 otherwise

Then for 𝐸[𝑋3] integrate:

𝐸[𝑋3] = ∫
∞

−∞
𝑥3𝑓𝑋3

(𝑥3) 𝑑𝑥3

= ∫
1

0
𝑥3 3𝑥2

3 𝑑𝑥3

= 3 ∫
1

0
𝑥3

3 𝑑𝑥3

= 3
4𝑥4

3∣
𝑥3=1

𝑥3=0

= 3
4

Thus our expected value vector is:

𝐸[X] = [𝐸[𝑋1] 𝐸[𝑋2] 𝐸[𝑋3]]T = [ 1
4

1
2

3
4 ]T
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Next question: what is the covariance matrix 𝑅X = 𝐸[XXT]? We’ll need to find:

• 𝐸[𝑋1𝑋1], 𝐸[𝑋1𝑋2], 𝐸[𝑋1𝑋3]
• 𝐸[𝑋2𝑋2], 𝐸[𝑋2𝑋3]
• 𝐸[𝑋3𝑋3]

First up:

𝐸[𝑋1𝑋1] = ∫
1

0
𝑥2

1𝑓𝑋1
(𝑥1) 𝑑𝑥1

= ∫
1

0
𝑥2

1 3(1 − 𝑥1)2 𝑑𝑥1 plugging in what we found earlier

= 3 ∫
1

0
𝑥2

1(1 − 𝑥1)2 𝑑𝑥1

= 3 ∫
1

0
(𝑥2

1 − 2𝑥3
1 + 𝑥4

1) 𝑑𝑥1

= 3 (1
3𝑥3

1 − 1
2𝑥4

1 + 1
5𝑥5

1) ∣
𝑥1=1

𝑥1=0

= 3 (1
3 − 1

2 + 1
5)

= 3 (10
30 − 15

30 + 6
30)

= 3 ( 1
30)

= 1
10
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Then:

𝐸[𝑋1𝑋2] = ∫
1

0
∫

1

𝑥2=𝑥1

𝑥1𝑥2𝑓𝑋1,𝑋2
(𝑥1, 𝑥2) 𝑑𝑥2 𝑑𝑥1

= ∫
1

0
∫

1

𝑥1

𝑥1𝑥2, 6(1 − 𝑥2) 𝑑𝑥2 𝑑𝑥1

= 6 ∫
1

0
𝑥1 ∫

1

𝑥1

(𝑥2 − 𝑥2
2) 𝑑𝑥2 𝑑𝑥1

= 6 ∫
1

0
𝑥1 (1

2𝑥2
2 − 1

3𝑥3
2) ∣

𝑥2=1

𝑥2=𝑥1
𝑑𝑥1

= 6 ∫
1

0
𝑥1 (1

2 − 1
3 − 1

2𝑥2
1 + 1

3𝑥3
1) 𝑑𝑥1

= 6 ∫
1

0
(1

6𝑥1 − 1
2𝑥3

1 + 1
3𝑥4

1) 𝑑𝑥1

= 6 ( 1
12𝑥2

1 − 1
8𝑥4

1 + 1
15𝑥5

1) ∣
𝑥1=1

𝑥1=0

= 6 ( 1
12 − 1

8 + 1
15)

= 6 ( 10
120 − 15

120 + 8
120)

= 6 ( 3
120)

= 3
20

Next:

𝐸[𝑋1𝑋3] = ∫
1

0
∫

1

𝑥3=𝑥1

𝑥1𝑥3𝑓𝑋1,𝑋3
(𝑥1, 𝑥3) 𝑑𝑥3 𝑑𝑥1

= ∫
1

0
∫

1

𝑥1

𝑥1𝑥3, 6(𝑥3 − 𝑥1) 𝑑𝑥3 𝑑𝑥1

= 6 ∫
1

0
𝑥1 ∫

1

𝑥1

(𝑥2
3 − 𝑥1𝑥3) 𝑑𝑥3 𝑑𝑥1

= 6 ∫
1

0
𝑥1 (1

3𝑥3
3 − 𝑥1

2 𝑥2
3) ∣

𝑥3=1

𝑥3=𝑥1
𝑑𝑥1

= 6 ∫
1

0
𝑥1 (1

3 − 𝑥1
2 − 1

3𝑥3
1 + 1

2𝑥3
1) 𝑑𝑥1

= 6 ∫
1

0
(1

3𝑥1 − 1
2𝑥2

1 + 1
6𝑥4

1) 𝑑𝑥1

= 6 (1
6𝑥2

1 − 1
6𝑥3

1 + 1
30𝑥5

1) ∣
𝑥1=1

𝑥1=0

= 6 (1
6 − 1

6 + 1
30)

= 1
5
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That’s it for the 𝑋1 cases. Now for 𝐸[𝑋2𝑋2]:

𝐸[𝑋2𝑋2] = ∫
1

0
𝑥2

2𝑓𝑋2
(𝑥2) 𝑑𝑥2

= ∫
1

0
𝑥2

2, 6𝑥2(1 − 𝑥2) 𝑑𝑥2

= 6 ∫
1

0
(𝑥3

2 − 𝑥4
2) 𝑑𝑥2

= (6
4𝑥4

2 − 6
5𝑥5

2) ∣
𝑥2=1

𝑥2=0

= 6
4 − 6

5 = 15
10 − 12

10
= 3

10

Then:

𝐸[𝑋2𝑋3] = ∫
1

0
∫

1

𝑥3=𝑥2

𝑥2𝑥3𝑓𝑋2,𝑋3
(𝑥2, 𝑥3) 𝑑𝑥3 𝑑𝑥2

= ∫
1

0
∫

1

𝑥2

𝑥2𝑥3, 6𝑥2 𝑑𝑥3 𝑑𝑥2

= 6 ∫
1

0
𝑥2

2 ∫
1

𝑥2

𝑥3 𝑑𝑥3 𝑑𝑥2

= 6 ∫
1

0
𝑥2

2 (1
2𝑥2

3) ∣
𝑥3=1

𝑥3=𝑥2
𝑑𝑥2

= 3 ∫
1

0
𝑥2

2(1 − 𝑥2
2) 𝑑𝑥2

= 3 ∫
1

0
(𝑥2

2 − 𝑥4
2) 𝑑𝑥2

= 3 (1
3𝑥3

2 − 1
5𝑥5

2) ∣
𝑥2=1

𝑥2=0

= 3 (1
3 − 1

5) = 3 ( 5
15 − 3

15) = 5
5 − 3

5
= 2

5

Finally:

𝐸[𝑋3𝑋3] = ∫
1

0
𝑥2

3𝑓𝑋3
(𝑥3) 𝑑𝑥3

= ∫
1

0
𝑥2

3, 3𝑥2
3 𝑑𝑥3

= 3 ∫
1

0
𝑥4

3 𝑑𝑥3

= 3
5𝑥5

3∣
𝑥3=1

𝑥3=0

= 3
5
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Multiplication is commutative, so 𝐸[𝑋𝑖𝑋𝑗] = 𝐸[𝑋𝑗𝑋𝑖] and we have all the entries we need to complete the
correlation matrix (aka second-moment matrix):

𝑅X = 𝐸[XXT] =
⎡
⎢
⎢
⎣

𝐸[𝑋1𝑋1] 𝐸[𝑋1𝑋2] 𝐸[𝑋1𝑋3]
𝐸[𝑋2𝑋1] 𝐸[𝑋2𝑋2] 𝐸[𝑋2𝑋3]
𝐸[𝑋3𝑋1] 𝐸[𝑋3𝑋2] 𝐸[𝑋3𝑋3]

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

1
10

3
20

1
5

3
20

3
10

2
5

1
5

2
5

3
5

⎤
⎥
⎥
⎦

One last problem: find the covariance matrix 𝐶X.

𝐶X = 𝑅X − 𝜇X𝜇T
X

=
⎡
⎢
⎢
⎣

1
10

3
20

1
5

3
20

3
10

2
5

1
5

2
5

3
5

⎤
⎥
⎥
⎦

−
⎡
⎢
⎢
⎣

1
4
1
2
3
4

⎤
⎥
⎥
⎦

[ 1
4

1
2

3
4 ]

=
⎡
⎢
⎢
⎣

1
10

3
20

1
5

3
20

3
10

2
5

1
5

2
5

3
5

⎤
⎥
⎥
⎦

−
⎡
⎢
⎢
⎣

1
16

1
8

3
16

1
8

1
4

3
8

3
16

3
8

9
16

⎤
⎥
⎥
⎦

=
⎡
⎢⎢⎢
⎣

8
80 − 5

80
6

40 − 5
40

16
80 − 15

80
6

40 − 5
40

6
20 − 5

20
16
40 − 15

40
16
80 − 15

80
16
40 − 15

40
48
80 − 45

80

⎤
⎥⎥⎥
⎦

=
⎡
⎢
⎢
⎣

3
80

1
40

1
80

1
40

1
20

1
40

1
80

1
40

3
80

⎤
⎥
⎥
⎦

Thus our covariance matrix is:

𝐶X =
⎡
⎢
⎢
⎣

3
80

1
40

1
80

1
40

1
20

1
40

1
80

1
40

3
80

⎤
⎥
⎥
⎦
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